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Abstract

A model for simulating the transient behavior of solid electrodes
undergoing deposition or dissolution has been developed. The model
accounts for ohmic drop, charge transfer overpotential, and mass trans-—
port limitations. The finite difference method, coupled with successive
overrelaxation, was used as the basis of the solution technique. An
algorithm was devised to overcome the computational instabilities
associated with the calculations of the secondary and tertiary current
distributions. Simulations were performed on several model electrode
profiles: the sinusoid, the rounded corner, and the notch.

Quantitative copper deposition data were obtained in a contoured
rotating cylinder system. Sinusoidal cross—sections, machined on stain-
less steel cylinders, were used as model geometries. Kinetic parameters
for use in the simulation were determined from polarization curves
obtained on copper rotating cylinders. These parameters, along with
other physical property and geometric data, were incorporated in simula-

tions of growing sinusoidal profiles. The copper distributions on the



sinusoidal cross-sections were measured and found to compare favorably
with the simulated results,

At low Wagner numbers the formation of a slight depression at the
profile peak was predicted by the simulation and observed on the profile.
At higher Wagner numbers, the simulated and experimental results showed
that the formation of a depression was suppressed. This phenomenon was
shown to result from the competition between ohmic drop and electrode

curvature,



vii

ACKNOWLEDGMENTS

It has been my privilege to work with Charles Tobias these past
several years. He has been a continual source of fruitful research
ideas and delightfully irreverent aphorisms. With characteristic
immodesty he once stated that he took better care of his students than
they took of themselQeSamunfortunately9 I have found this to be true.
I have appreciated the gssistance provided by Larry Galovich, a truly
resourceful and conscientious technician. My wife Merlyn has borme
this period of impecuniosity and delayed gratification with remarkable
grace, Finally, I have enjoyed free-associating with my colleagues,
especially Paul Sides and Karrie Hanson. We never allowed mutual
ignorance to impede a scientific discussion.

This work was supported by the U.§. Department of Energy under

Contract No. W=7405-ENG-48.



viii

NOMENCLATURE
amplitude (cm)
area (cmz)

initial amplitude (cm)
: 3
concentration (mol/cm™)

weighting factor

diffusivity

electric field (V/cm)
Faraday, 96500 C
distance (cm)

current (A)
current density (A/cmz)

exchange current density (A/cmz)

characteristic dimension (cm)

atomic weight (g/mol)

number of electrons participating in an electrode reaction

charge (C)
normalizing factor for charge (C)

dimensionless charge



Sc

X,¥

ix

gas constant, 8.32 J/mol°K
Reynolds number
inner cylinder radius (cm)

outer cylinder radius (cm)

unit strip width (cm)
surface

Schmidt number

time (s)

temperature (K)

displacement of average surface plane (cm)

velocity (cm/s)

electrode potential (V)

Wagner number

Cartesian coordinates

equivalents/mol



ap

Subscripts
anodic
applied
bulk
cathode
concentration

index of point on the surface

limiting

normal

peak

reference

recess

surface

abscissa component

ordinate component

Superscripts
iteration number in potential loop

time step number



o

¢

xi

Greek Nomenclature

transfer coefficient

exponent of comcentration dependence

overpotential (V)

angle between normal to the electrode surface and Y axis (rad)

electrolyte conductivity (@hm%1
wavelength (em)

kinematic viscosity (sz/s)
density (g/ams)

potential (V)

surface potential (V)

cm

-1

)



®ii

"How many men in all walks of life have gone through the world
eking out a poor existence simply because there was no one to point
out the way to success? How many unfortunates have dropped by the wayside,
simply because they failed to start in life with a purpose? The object
of this chapter is to enmcourage the youth who is seeking to place himself
in life where he can be of use to the world and obtain knowledge by

which he can always make a good living."

from the chapter Deposition of Copper

from a Sulphate of Copper Solutiom

in "The Practical Electroplater”

by Martin Brunor, 1894



1. INTRODUCTION

Heterogeneous reactions occurring at solid electrode surfaces
often result in a change in the contour of an electrede. 1In electro-
chemical processes such as electrochemical machining and electroforming,
the transformation of the surface geometry is the goal of the operation,
while in other processes the shape change is undesirable and causes
a deterioration in the performance of the system. On a small scale
roughness or surface imperfections can be altered electrochemically.

A surface can be electropolished by subjecting it to én anodic current

50 that pfetruding areas are preferentially dissolved. Microroughness

can be reduced through cathodic leveling. A leveling agent, added

to an electrolyte bath, causes more curvent to flow to microrecesses,

When relatively more metal is deposited in the recess than on a protruding
area, surface rvoughness is reduced.

The transformation of the electrode contour during battery cycling
and the uneven oxidation of the anode in aluminum production are
examples of undesirable electrode transfigurations. If redistribution
of active material in a secondary battery causes the substrate to
become exposed on discharging, then a loss of capacity results. 1In
addition, a local increase in current density on charging may lead
to an alteration of the deposit morphology which, as in the case of
zinc, may be an undesirable dendritic form. For aluminum production
some rvesearch effort is being directed toward developing an inert
anode. The purpose of this effort i1s to retain control of the electrode

separation as the process proceeds, and thus reduce ohmic losses.



In chlorine production the shape change of the anodes has been reduced
through the use of the recently developed dimensionally stable anodes.

Although the shape change phenomena arise in a wide range of
electrochemical applications, only a few attempts at modeling the
electrochemical moving boundary problems have been undertaken. Calcu-
lating the current distribution is generally the crucial step in solving
the moving boundary problem. With simplified boundary conditions
‘current density distributions can be obtained without the aid of a
computer; hence, the current distribution problem has been studied
in greater detail.

In a series of papers presented in the early 1940's, Kasperl
systematically applied anmalytical techniques to well-defined cell
shapes (concentric cylinders, line-plane geometries, etc.) to calculate
the current distribution. He extended techniques that had previously
been used to solve field problems in mathematical physics to include
the effects of linear polarigzation for selected electrochemical systems.
Wagnerz_studied two important geometries where infinite current densities
arise., He calculated current distributions on triangular waves and
on plane parallel electrodes embedded in insulating walls., Using
conformal mapping, he was able to include linear polarization on the
plane electrodes, but only the primary current distribution and an
approximate high current density distribution were derived for the
triangular wave.

As high speed digital computers became more widely available in
the 1960's, more complicated problems that were intractable by analytical

methods proved amenable to numerical techniques. Klingert et 3193



outlined a procedure for calculating‘the primary and secondary current
distribution by the finite difference method. They investigated the
behavior of the current distribution on a corner electrode as geometric
and polarization parameters were varied., TFleck et als4 presented a
general computer program for solving current distribution problemé by
the finite difference method. They studied the computational parameters
and considered the relative merits of features such as increasing the
size of the computational molecules, changing the order of computations,
and varying the overrelaxation parameter. A catalog of current distribu-~
tion problems previously solved by analytical methods is also contained
in this report.

Problems where the mass transport effects are important (tertiary
current distributioﬁ problems) also proved amenable to numerical tech-
niques. By transforming the disk system to rotational elliptic coordinates,
Newman5 calculated the tertiary current distribution on a rotating disk.
Parrish and Newman® computed the tertiary current distribution for plane
parallel electrodes embedded in insulated walls. They presented results
for a wide range of polarization parameters, concentrations, and electrode
separations. Using a collocation technique, Caban and Chapman7 solved
_the same problem. They showed that good approximations to the solutions
of Parrish and Wewman could be obtained with relatively fewer boundary
points. A substantial saving in computer time was realized since
fewer intervals and fewer iterations were required.

Only a few simulations of the changing curvent distribution and
concomitant electrode shape change for the transient problem have

been conducted. The first such problem was considered by Wagner in



the early 1950's. Recognizing that changes in the electrode microprofile
are of critical importance in the electropolishing process, he estimtaed
the change in amplitude of a sinusoidal surface undergoing diffusion-
controlled anodic dissolution. The expression that Wagner derived is
limited to low amplitude~to-wavelength ratio profiles. The mathematical
equivalence of the diffusion-controlled problem to the ohmically limited
problem (primary current distribution) was also demonstrated.

Since the workpiece geometry in electrochemical machining must
generally be determined by a trial and error procedure, a simulation
of this process would be desirable. Nilson and Tsuei9 used an inverse
Cauchy method to determine steady state workpiece geometries. By
treating the spatial coordinates as the dependent variables, they
were able to transform their problem into a rectangular domain, in
which a solution by the finite difference method was easiy obtained.
Iheylo showed that the same inverted problem could be solved by using
a series sclution. The ohmic losses and variable conductivity were
considered in their model. Riggs et algl1 used the finite difference
approach to model a‘high current density electrochemical machining
process. By accounting for variasbles such as overpotential, gas production,
temperature effects, and current efficiency, they successfully simulated
the profiles obtained from hole sinking experiments on copper and type
302 stainless steel.

A model for the zinc electrode undergoing secondary battery cycling
was developed by Choi et al,lz They incorporated relevant phenomena
such as overpotential, precipitation, membrane transport, and convective

flow of the electrolyte in a one-dimensional model.



Using the recently developed finite element method, Alkire et 31313

predicted the electrode shape change of a flat cathode embedded in
one wall of a rectangular cell. They computed profiles over a range
of cell dimensions and polarization pavameters.

Since the early 1960's few analytical solutions to current distribu-
tion problems have appeared in the literature. Clearly, the scope
of analytical techniques is limited to those regular geometries (or
those that can be transformed to well-defined domains) with simple
boundary conditions. The most flexible method is conformal mapping.
Although a number of well-known transformations are available for
converting & geometry to a standard domain (half-plane, exterior of
a circle, etc.), the number of geometries that can be transformed
with analytic functions is felatiGely small. Considerable experience
with the method is a necessity, and a heuristic approach is often
required. Numerical methods can be used to transform the coordinates;
however, if extensive programming is required, one of the other more
versatile numerical techniques will probably be more efficient.

The two general numerical methods for obtaining accuraée solutions
are the finite difference and the finite element methods. Since rela-
tively few electrochemical problems have been studied using either
method, conclusions regarding the superiority of one of the methods
for a given application are difficult to draw. The finite element
method is based on a variational formulati@neié The problem reduces
to finding the unknown functioms which extremize a system of functiomals.
From the calculus of variations, it can be shown that these functions

also satisfy the differential equations and their boundary conditions.



The domain of interest can be subdivided into discrete polygons.
Some gain in computational efficiency and the ability to follow an
irregular geometry appear to be the main advantages of this system.

In the finite difference method the differential equations are
approximated by their difference formulations. The domain is generally
divided into rectilinear elements; some approximation of the field
variable must then be made at a curved boundary. While a large number
of iterations may be required to solve a current distribution problem,
the computer time per iteration is generally small. The finite difference
method is generally easier to implement, and square elements, which are
frequently employed, are ideally suited for computer manipulationm.

Oﬁly a few direct comparisons of the two methods have been
performed. There is little interest in solving problems numerically
that have been solved analyticallyé conversely, those problems that
do not have analytical solutions cannot be used to compare the accuracy
of the two numerical methods. In one study Hohl and Hamiltanls used
both methods to calculate one-dimensional, transient, diffusion profiles
for which analytical solutions are availablee Their resuits showed
that the average error was lowest for the finite difference method;
moreover, they found the computational efficiency of the finite difference
method to be superior. The finite element method, however, showed less
sensitivity to successive grid refinement.

One goal of this investigation was to develop general techniques
to solve electrochemical moving boundary problems. Because of its
flexibility, ease of implementation, and accuracy, the finite difference

method was chosen as the basis of the solution technique. A general



kinetic expression and an approximate concentration overpotential
relation are accommodated in the wmodel. The calculation of the current
distribution for the problems investigated requires a solution of
Laplace's equation with nonlinear boundary conditions.

In principle, the volume encompassed by the boundaries of any
electrochemical system can be divided into small elements. A grid
can be defined by the junctures of the corners of the elements and
by the intersections of the edges of the elements with the cell surface,
‘his grid the finite difference method is used to solve for the
potential distribution. The current distribution is calculated by
numerically differentiating the potential with respect to the normal
to the surface, and the overpotential can be obtained from appropriate
kinetic and concentration overpotential expressions. In some cases

a converged solution can be realized by iterating over the equations

ribing the potential, current density, and overpotemtial. From
a converged solution the new profile can be calculated by moving the

rdinates in proportion to the local current density. A

al profile is obtained by continued iteration for a specified number
of discrete time steps.

There is no guarantee that a converged solutionm will always result
at each time step. By appropriately weighting the surface potentials
each time the current demsity is recomputed, I have devised an algorithm
to overcome the computational instability that occurs when calculating
the secondary or tertiary current distribution. Converged solutions
have been obtained for all reasonable values of the physical parameters

on the geometries studied. Although the techniques presented are



adaptable to three-dimensional systems, these studies are limited
to two-dimensional and axisymmetric systems.

Because of the paucity of quantitative shape change data in the
literature, I initiated a series of studies on contoured rotating
cylinder electrodes with sinusoidal cross—=sections. Af@er depositing
copper from an acid-copper electrolyte, final profile coordinates

were obtained for comparison with simulated results,



"This incomprehensible art, which has been in use about three years,
is truly valuable and must prevail extensively, notwithstanding the
disadvantage to which its reputation has been subjected, in consequence
of the many impositions practised on the public, by the unprincipled
speculators."”

from the avticle "Electro~Plating”

in The Scientific Amevican, vol., 1,

no. 1, 1845,
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2. MODEL

Descript

In a general electrochemical system the potential distribution
and concentration distributions of all reacting species must be known
before the current distribution can be determined., Calculation of
the concentration distributions depends in turn on the local hydrodynamic
conditions., The local reaction rate of each species also depends
on the polarization due to kinetic and mass transport limitations.

I1f gas is evolved at an electrode, the bubbles tend to increase the
local mass transport rate, but since they are less conductive than

the electrolyte, the bubbles tend to increase the cell resistance.

A general two-dimensional model which takes into account hydrodynamic
variations, polarization, ohmic drop, mass transport limitatioms,
simul taneous electrode reactions, and gas evolution would be extremely
complicated and does not exist.

The model that I have developed accounts for electrode polarization,
ohmic drop, and mass transport limitations for a large class of two-
dimensional and axisymmetric cells. The mass transport limitations
are treated through an approximate concentration overpotential expression,
which 1s valid in an excess of supporting electrolyte where conductivity
variations in the diffusion layer and the diffusion potential can
be neglected. The hydrodynamics must be sufficiently well defined so
that an effective mass transport boundary layer thickness can be estimated
everywhere on the profile. An arbitrary kinetic expression can be

used in the calculation of charge transfer overpotential.
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The approach that I have taken is to treat the bulk electrolytie
and the diffusion layer separately. Since the diffusion layer is
relatively thin, the local current density entering the diffusion
layer from the bulk must equal the current density entering the
electrode. The curreni density in the bulk can be determined from
Ohm's law, and the surface potential can be calculated from appropriate
overpotential expressions. A solution to the current distribution
problem can generally be obtained by itegating over the governing
aquations.

Equations
The bulk electrolyte is assumed to be well-stirred so that no concentra-

tion gradients are present, and Laplace's equation applies
v =0 (1)

At the boundaries the normal current density is proportional to the

potential gradient

v =ik (2)

The Butler-Volmer equation describes the dependence of surface potential

on current density

?gx< ) - <3F ) (
&? 7N, exp n 3

O

The exchange current density may be a function of the surface ion

concentration
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i = iob(c/cbﬂ (&)

If linear concentration gradients are assumed
. = < 2l 'Y .
i lob(l 1/11) (5)

For metal deposition in well=-supported electrolyte, the concentration

overpotential can be approximated by

_ _RT s '
ne = o7 In (1 1/11) (6)

The total overpotential n, which is comprised of surface overpotential

and concentration overpotential, is defined by
ngvaa(bo (7)

The current is determined by integrating the normal current density

over the electrode surface

(8)

The time increment for the electrode process is determined by dividing

the specified charge passed by the current
£ = I

The boundary of the electrode surface progresses in proportion to

the normal current density at each surface node

= = j At (10)
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Sir, spare your threats:

The bug which you would fright me with 1 seek.

The Winter's Tale, III, ii
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3., NUMERICAL PROCEDURE

The basic procedure to calculate successive profiles is as follows:

1. Specify boundary coordinates, physical properties; polarization
parameters, grid spacing, convergence criterioﬁ9 and time step size.

2. Estimate the initial potential distribution.

3. Construct piecewise polynomials through the boundary points so
that derivatives at the surface can be calculated,

4. Obtain a loosely converged estimate of the solution to Laplace's
equation. Tighten the convergence criterion as the iteration proceeds.

5. Calculate the normal current demsity by numerically differentiating
the potential at each surface node.,

6. Determine the overpotential from the polarization equation.

7. Calculate the surface potential from equation 7; weight this value
with the value obtained from the previous iteration. If the potentials
and currents meet the convergence criteria, proceed'to step 8. Otherwise,
continue iteration at step 4.,

8. Move each surface node normal to the surface in proportiom to
the charge passed.

9. Construct interpolating polynomials to determine the new ordinates

at evenly spaced abscissa points.

For the primary current distribution Laplace's equation need only

be solved one time, and step 7 is eliminated.
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Computational Techniques

The grid network for the electrode with a sinusoidal cross—section
is depicted in Fig, 1. The finite difference method, coupled with
successive—overrelaxation, is used to calculate the potential distribution
in the bulk., Based on Fleck“sé results that an overrelaxation parameter
of 1.8 to 2.0 gave the greatest computational efficiency, I use 1.85.
A method outlined in Lapiduslé is used to approximate the potential
at nodes adjacent to the surface (see Appendix F).

A three point numerical differentiatién formula is used to calculate
the current density at each surface node (see Appendix B and Appendix
H). The electric field normal to the surface is calculated from the

projections of the X and Y components on the normal as shown in Fig. 2.

E =F sin® +E cosb (1)
n % v

The current density at the surface is the product of the conductivity

and the field
i = kg (12

This approximation for the current demsity at the v th iteration is
substituted in the Butler-Volmer aquaticﬂ to get an estimate of the
overpotential. The overpotential appears in a trancendental expression,
and an explicit solution cannot be obtained. The Newton-Raphson method
is most efficient for obtaining the overpotential (see Appendix I1).
Alternatively, if the entire profile is in the Tafel or linear region,
the overpotential can be obtained explicitly., The coﬁcentzaﬁian overpo-

tential calculated explicitly from equation 6, can be added to the
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Fig. 1. Schematic diagram of node arrangement for simulation of

deposition or dissolution on a sinusoidal electrode.

Fig. 2. Projection of the normal components onto the line perpendicular

to the electrode,
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surface overpotential, and the surface potential is obtained from
equation 7.

A new estimate of the surface potential is

(r) (r=-1)

(x+1) _ + D (®o - ¢, ) (13)

o

¢

¢O(f“l)

where D is a weighting factor which varies between 0 and 1. The surface
potentials are checked for convergence before the weighting procedure
is performed. When the suiface potentials meet the convergence criterion,
the weighting factor is reduced on successive iterations until the
normalized change in current density between iterations also meets
the specified error criterion.

The new coordinates of the j th point on the boundary are

x,(8) oy (s-1)  MAt

|i l.sin 0. (14)
] J zFp ' 'n'] J

Y.(S) = Y.(Sal) - MAt |i |, cos 0. (15)
] ] zFp ' "'n'j] ]

The interpolating polynomials of the cubic spline described in Ahlberg
et 31917 are used to interpolate back to the original abscissa coordinates

(Xg(sul)

). The piecewise cubic polynomials that uniquely specify

the curve have the following properties: (1) The polynomials on

either side of each surface node intersect at that node; (2) the first
derivatives are continuous at each node; (3) the second derivatives

are continuous at each node. If the profiles tend toward discontinuous
behavior (sharp points or cusps), least squares smoothing can be performéd

(s)  (s)
J

on the Xj 5 coordinates before interpolating.
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A dimensionless number useful in characterizing the secondary

current distribution is the Wagner number

=

s
i

... 4 '
W= T (16)

For the primavy current distvibution the Wagner number is zero.

¢

As W inc es, a more uniform curvent distribution is obtained. The

¢
{

28

w

characteristic dimension of the system L is generally taken to be the
distance over which the profile disturbs the field.

Comvergence Procedure

In order to obtain a convevrged solution, a judicious choice of
the factor D is equation 11 must be made, A value of D equal to one
implies direct substitution. For small values of W (less than 0.1),
a value of D equal to one will generally lead to a converged solutions
however, for larger values of W, the ocscillatory behavior of the surface
potentials may lead to instabilities. Intuitively, one might egpect

that a converged solution could always be obtained if one were to
choose a sufficiently small value of D. One would like to choose
a value of D that is small enough to avoid oscillatory instabilities
yet large enough to avoid an excessive number of iterations. Such
an optimum choice is difficult to make a prioxi.

Rather than choosing a constant value for D, I have devised an
algorithm from which a value for D is calculated each time the surface

potential is re-evaluated. In this programmed weighting algorithm

the value of D is dependent on four variables: (1) the consistency
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of the direction of change of the surface potential at a specified
point; (2) the normalized change in current density between iterations;
(3) the normalized change in surface potentials between iterations;

(4) the Wagner number.

The evaluation of the current density requires a numerical differen-
tiation of the potentials in the bulk electrolyte (equation 2). Since
this numerical differentiation is sensitive to small changes in bulk
electrolyte potentials, loose convergence (lOmé) in the bulk potentials
is specified before evaluating the current densities. As a converged
solution is approached, and the relative change in surface potentials
decreases, the convergence criterion that must be attained before
evaluating the current densities decreases. The overpotentials and
surface potentials are determined from equations 3, 6, and 7. With
the new values of the surface potentials, the relative change in these
surface potentials from the previous iteration can be calculated.

These changes give a measure of the convergence.

The four variables, noted above, are incorporated in functions
to determine the weighting factor. If the surface potential at the
specified node is proceeding in the same direction, this "consistency
factor” is increased., If this sﬁfface potential begins to oscillate,
the consistency factor is reduced; large oscillations indicate incipient
instability. Small oscillations frequently indicate an approach to
convergence. The "current factor' is increased if the average normalized
change in current density is smaller than specified limits; the current
factor is reduced if the change is large. The limits are functions

of the Wagner number and the consistency factor. The normalized change
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in surface potential indicates the degree of convergence. As this
variable approaches the convergence criterion, the weighting factor

is reduced., When the weighting factor is reduced sufficiently, the
average current error also decreases until the error criterion for

that variable is also met. The behavior of the surface potentials, the
maximum normalized change in surface potentials, the average normalized
change in current density, and the weighting factor are illustrated in
Figs. 3, &, 5, and 6, respectively, for a problem involving deposition
on a sinusoidal profile at W = 25 for the first time step.

For the problems solved; I selected normalized convergence criteria
of 16269 1Ga59 and 10@39 for the bulk potentials, the current demsities,
and the surface potentials, respectively. The algorithm is sufficiently
general so that converged solutions are obtainable over a wide range
of Wagner numbers (see Fig. 7). 1In the first time step the relatively
large number of iterations, attributable to poor initial estimates,
could be reduced by iwmproving those estimates.

The results of the programmed weighting algorithm are compared with
the results of selecting a value for D a priori for W = 25 (Fig. 8).
This graph illustrates the difficulty of choosing the optimum value for
B. A small value (1663) for D results in a rather efficient computation
for the second time step, but the first time step requires five times
as many iterations as the programmed weighting technique. A value of
D greater than 2 x 16@3 causes oscillations during the second time step,
and convergence to the specified critevia does not occur. For this

problem converged solutions for the two times steps will always be
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Fig. 3. Surface potential at the peak and in the depression (dashed)
of a sinusocidal profile. AO/K = 0.1, W= 25, time step one,
v =1, V. =11,
¢ a
Fig. 4. Normalized maximum change in surface potential. Parameters

as in Fig. 3.
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Fig. 5. Normalized average change in current demsity. Parameters as

in Fig. 3.

Fig. 6. Weighting factor for surface potentials. Parameters as

in Fig. 3.
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Fig. 7. Iterations required for a converged solution as a function

of. the Wagner number.

Fig. 8. Iterations required for a converged solution as a function
of the weighting factor. Iterations required for convergence
when using the programmed weighting technique are indicated

by the solid horizontal lines.
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obtained more quickly by using the programmed weighting algorithm than
by using the optimum constant value for D of approximately 10635

The functions and parameters that comprise the convergence algorithm
have been determined by empirical methods and have not been optimized;
the algorithm could undoubtedly be improved by making a systematic
study of these functions and parameters. For example, one could study
the overrelaxation parameter., Although I used 1.85 for this parameter,
Fig. 9 shows that the number of iterations in the first time step
(W = 25) could be reduced by almost 10 percent by using 1.8 for this
parameter., It is not known whether this is a general result which
would apply to other problems with other Wagner numbers. The criteria
for determining how frequently to iterate in the current loop relative
to the potential loop would probably be a fruitful area for an optimiza-
tion study. Multiple iterations in the current loop for each iteration
in the potential loop might be investigated. The average normalized
change in current density is allowed to vary by approximately 5 to
10 percent. Possibly these limits could be inereased under certain
circumstances without causing unstable behavior,

Error Estimates: General Considerations

The approximation of replacing the electrblyte continuum by square
elements results in finite error in the potential wvalues. 1In general,
the accuracy of the solution improves as the mesh sizé is reduced.
Quantitative estimates of the error caused by selecting a certain
mesh size are difficult to determine a priori. The expression to
calculate the error (truncation error) associated with using the

finite difference scheme which I have chosen is well known@17 The
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truncation error is proportional to the mesh interval squared and

to the fourth derivative of the potential function in the region of
interest., Since the variation in the potential function is not known
a priori, it is generally impossible to calculate the error.

The error in the potential is also related to the maximum residual
in the final iteration in the potential loop. The maximum permissible
residual (the convergence criterion) is specified in advance. The
accuracy of the solution will increase up to a limit as the convergence
criterion is reduced, After further reduction the truncation errors
will dominate the solution accurcy; at some point the round-off error
in the computer (Ioalé with single precision in the CDC 7600) becomes
larger than the convergence criterion, and convergence to a smaller
residual cannot be attained,

From the potential distribution the current density is determined
by numerically differentiating the potential at the electrode surface.
Because potential values at least one grid space away from the surface
are used in the numerical differentiation, the estimate of the curent
density improves as the grid spacing is reduced,

The size of the time step influences the shape of the final profile.
The error in the quasi-steady state approximation should decrease
as the number of time steps for a given amount of charge passed is
increased. The boundary ordinates must be interpolated back to the
original abscissa coordinates at each time step; therefore, I expect
that there is an optimum number of time steps, beyond which the cumulative
interpolation error overshadows the increased accuracy realized from

reducing the quasi-steady state error.
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At each time step the normal to the surface is determined from
a numerical differentiation of the surface coordinates. The error
associated with the differentiation process decreases as the grid
interval is reduced.,

If the profile tends toward unstable behavior (e.g., a primary
distribution near a sharp corner), least squares smoothing can be
performed to reduce the instability. By specifying the maximum voot-
mean-square (rms) error in the polynomial curve with respect to the
generated coordinates, a polynomial equation of an appropriate degree
can be determined., As the rms error specification is increased, the
degree of the polynomial is reduced, along with the accuracy of the
solution. A sufficiently small rms specification will force the poly=-
nomial curve to pass near each point, and little smoothing is achieved.

Although the error in our solution cannot be determined a priori,
it is clear from the foregoing discussion that by veducing the grid
spacing, convergence criterion, and time step interval (the computation
parameters), a more accurate solution is likely to be obtained. The
disadvantage in arbitrarily reducing grid spacing and time step interval
is that the execution time in the computer increases (roughly, as the
inverse cube of mesh size and inversely with time step interval).

In order to establish criteria useful in determining the computation
parameters, I ran a number of simulations on sinusoidal profiles of
various amplitude-to-wavelength ratios. Since I am attempting to simulate
real systems, there is no justification for attempting to obtain solutions
of accuracy greater than the accuracy to which parameters in the model

are known. By varying the computation parameters, I determined maximum
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limits where the final profile did not change by more than a specified
criterion on successive refinements. I considered that the solution
had converged if the profile did not change by more than 2 percent at
each point, based on the simulated metal thickness at that point.
Qualitatively, one expects more irregular profiles to require more refined
grids. In regions where the current or the electfode curvature is changing
rapidly, an increased node density is required to track these relatively
rapid changes.
Mesh Size
Two quantities that can be determined more accurately by reducing
the mesh size are the current densities at the electrode surface and
the derivatives of the surface coordinates. One cannot determine
the accuracy of the current densities a priori, but one expects that
the current densities will approach values where further refinement
does not significantly affect the final profile,
I studied profiles with amplitude to wavelength (A/)\) ratios
of 0.025 and 0.1. Simulations of deposition on these profiles with
A/x of 0.025 and 0.1 are shown in Figs. 10 and 11, respectively.
The top curve depicts the original half-wavelength of the profile.
The successive time steps are shown below with the fimal profile at
the bottom. By successively refining the mesh size and observing
the effect on the final profile after the passage of a specified quantity
of charge, I can estimate the minimum refinement necessary to obtain
. an accurate solution.
For the sinusoidal profiles studied, the peak of the profile

exhibited a characteristic type of unstable behavior, which depended
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Fig. 11.
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Half-wavelength of a sinusoidal cathode., The original profile
is shown at the top. The final profile appears at the bottom,
and the intermediate growth stages are in between W = 0,

A /) = 0.025.
O

Half-wavelength of a sinusoidal cathode. W = 0, Ao/l = 0.1,

Other details as in Fig. 10.
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on the initial A/A ratio. When the initial profile is relatively flat
(A/X = 0.025), the peak tends to become pointed after the passage of
a specified quantity of charge. For the high A/A ratio (0.1) case, a
depression forms at the peak after the profile advances to a certain
point, The point at which this characteristic behavior is displayed
is a logical point to halt the simulation.

In order to put the charge on a dimensionless basis, I defined
the quantity of charge passed that would cause a plane electrode that

is A wide to advance one amplitude A

= zFpAs
Qd AX M (n

where As 1s a unit strip width perpendicular to the page (see Fig.
10 or 11). I chose values of the physical parameters that pertain
to copper

Qd = 2.7 % 104 AX (18)

A dimensionless quantity of charge can be defined by dividing the

number of coulombs in the simulation (equation 9) by Qd°
Q* = Q/Q, (19)

Selected Y-coordinates of the profiles at Q* = 2,78 (20 time steps in
Fig. 10) and at Q¥ = 3.33 (24 time steps in Fig. 10) are shown in

Tables la and 1b, respectively. At time step 20 the peak (X = 1.0)

has not yet begun to sharpen, and the relatively smooth curve can be
adequately described by a grid spacing of 0.05 cm. After four additional

time steps the peak becomes sufficiently irregular that even with a



36

Table 1. Effect of grid spacing on profile error, AO/A = 0,025;3
(a) Q" = 2,78, (b) Q¥ = 3.33,

A/A = 0.25
a) At Q¥ = 2.78 Q* = 0.139/Time Step
% Deviation at
Grid Space ¥(1.0) Based on
(cm) Y(0) v(0.8) ¥(1.0) Deposit Thickness
0.2 2.837 2.632 2.618 4,0
0.1 2.838 2.629 2.614 2.9
0.05 2,839 2.629 2.607 0.8
0.025 2.839 2.629 2.606 0.6
0.0125 2.839 2.629 2.604
b) At Q¥ = 3.33 Q* = 0.139/Time Step
% Deviation at
Grid Space Y(1.0) Based on
(em) v(0) ¥(0.8) ¥(1.0) Deposit Thickness
0.2 2.801 2.562 2.549 9.9
0.1 2.804 2.584 2.544 8,7
0.05 2.804 2.557 2.529 5.3
0.025 2.805 2.557 2.526 4.7
0.0125 2.808 2.557 2.505
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grid spacing of 0.025 cm the error cannot be limited to less than 2
percent of the simulated deposit thickness. Similarly, in Table 2,
before the depression develops, a grid spacing of 0,025 cm keeps the
eryor within acceptable limits. After the depression at the peak develops,
the 0.025 cwm mesh spacing ig too coarse to limit the ervor to 2 percent
of the simulated deposit thickness,

Another indication of the accuracy of the numerical techniques
is the error in the derivatives at the electrode surface. Since the
initial profile is described by a sine wave, the error can be determined
in the numerically computed derivatives. The velative erroy inm the
derivatives is on the order of 0.1 percent for a mesh size of 0.2
cm, and 0.005 percent for a mesh size of 0.1 cm (Table 3).

From these studies on successive grid refinements, 1 can propose
guidelines for the maximum mesh size which produces a satisfactory
simulation. I have chosen to examine the variations in current density
and surface derivatives in ovder to establish the mesh size criterion.
At Q% = 0,31 for A/} = 0.1, the variations in current density from node
o node never exceed 10 percent, and the absolute change in derivative
does not exceed 0.1. At Q¥ = 0.41 the variation in current density
is over 30 percent, and the derivatives change by 0.3 near the peak.

T estimate from these studies that variations in the current demsity
should not exceed 15 percent, and the absolute variations in the surface

derivatives should not exceed 0.15 between adjacent nodes,
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Table 2. Effect of grid spacing on profile error, Ay/A = 0.13
(a) Q* = 0.31, (b) Q% = 0.41.
A/A = 0.1
o % .
a) At Q° = 0.31 Q" = 0.034/Time Step
% Deviation at
Grid Space ' v(1.0) Based on
(cm) Y(0) ¥(0.8) ¥(1.0) Deposit Thickness
0.1 3.154 2.637 2.602 3.9
0.05 3.155 2.641 2,601 2.4
0.025 3.155 2.643 2.597 1.5
0.012 3.155 2.643 2.594

b) At Q¥ = 0.41 Q¥ = 0.34/Time Step

% Deviation at

Grid Space Y(1.0) Based on
(cm) v(0) Y(0.8) v(1.0) Deposit Thickness
0.1 3.143 2.556 2.535 6.0
0.05 3.144 2.568 2.546 - 5.9
0.025 3.143 2.570 2.536 2.2
0.012 3.143 2.572 2.530
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Table 3. Comparison of analvtical and numerical values of derivatives
at the electrode surface for A/A = 0.1,

X-Coordinate Analytical Value 0.2 Grid Spacing 0.1 Grid Spacing

(% Frror) (% Error)
0.1 ~0,194161 — 0.006
0.2 -0.369316 0.11 0.004
0.4 -0.597567 0.9 0.006

0.5 ~0.628319 — 0.006
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Convergence Criterion

As the convergence criterion is reduced, more accurate results
are expected; however, there is no reason to reduce the convergence
criterion past the point where other errors dominate the result.

In order to determine the maximum convergence criterion, an
expression can be derived for the error as a function of the mesh
size, which has been specified based on other considerations.

First, an order of magnitude value for the current can be calculated

KAV
. cell
i = __cell (20)
est Ycell
where AV is an approximate anode-cathode potential difference.

cell
For the primary distribution this is the applied potential difference.
For other current distributions the methods of appendix J are suitable
*AY is the maximum anode-cathode separation.
cell cell

An estimate of the potential difference between the nodes is

for determining AV

i AY
=
vnode - K - (2D
or
Avcell AYnode
v = - (22)
node AY
cell
vnode can be normalized by dividing by the node potential
Vnode = ¢o * Avnode (23)
and
Avnode - AVcell AYnode (24)
vnode (¢o * Avnode) AYcell
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where ¢O is the potential adjacent to the cathode in the low curvent

density region. The error in AV /v is roughly proportional

node’ node

to the errvor in the curvent demsity. For the primary distribution

on the A/A = 0.1 sinusoidal profile and 0.025 cm mesh spacing

AV

vnode B (10 v) (0.025 cm) = 0.07 (25)

T (1 V +0.07 V) (3.2 cm)

node

1f we want to limit the current density error, due to the residual,
to 0.01 percent, then the convergence criterion should be no larger
than (0.001) (0.07) = 7 x 107°.

The results of successively increasing the convergence criterion
ave shown in Table 4. The maximum difference in the current density
at the fivrst time step increases by roughly an order of magnitude
as we increase the COﬁvergeﬁce criterion by an order of magnitude.
The curvent densities can be normalized with respect to an average
current density, and a comparison of these results can be made as
the convergence criterion is increased. The relative errors are shown
in the third column in Table 4. These errors are lower than those from
comparing the current densities direectly. Because of the constraints
imposed by the network, the current demsities tend to shift in a somewhat
uniform manner. Because of this phenomenon, a slightly larger convergence
criterion can be used, and a satisfactory result can still be obtained.
Table 5 shows how the change in convergence criterion affects the final
profile., The final profiles with a convergence criterion of less than

10 7 are within 0.1 percent of the curve obtained with a convergence

criterion of 10”66 The errors caused by specifying a 10m2 convergence
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Table 4. Effect of comvergence criterion on error in current

distributieon.
Convergence Maximum Error in Relative BError in
Criterion Current Density Current Density*
=5
10 0.14 0.03
107 1.5 0.3
1077 4.9 1.4
-2
10 34.0 20.0

*
Exrors in the current density caused by successive increases

in the convergence criterion. Deviations are based on a
convergence criterion of 1076,

Table 5. Effect of convergence criterion on profile error.

At Q¥ = 0.415 A/A = 0.1

Convergence
Criterion ¥(0) v(0.8) ¥(1.0)
107 3. 143 2.570 2.536
1077 3.143 2.571 2.536
107 3.143 2,571 2.536
1073 3.143 2.570 2.536
-2

10 Unstable
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criterion are too large, and an unstable curve results. The number
of iterations increases by a factor of 10 as the convergence criterion
]

is reduced from 10 ° io,l@wée

Time Step Interval

I assume that the current distribution does not éignificamtly
vary during the interval which I select as the time step size.
Clearly, this quasi-steady state approximation becomes more accurate
28 the time step interval is reduced. 1In order to obtain a better
approximation, the current distribution can be calculated at two
succesgsive time steps, the current demsities averaged, and the
profile advanced in proportion to half the quantity of charge
specified. This method would approximately double the computation
time, so I have not used this technique,

Because of the errors inherent in the interpolation of the
coordinates back to the original abbscissa values, I expect to reach
a lower time interval limit, below which the error of the interpolatiom
will dominate the resuli, and further improvement in the accuracy
will not be vealized. 1In Table 6 the results of successively
decreasing the time step interval are summarized. From Table 6a it
can be seen that the profile accuracy is not significantly improved
when reducing the step size interval by a factor of four. As the
irregularity at the pesak develops, the time step interval equivalent
to 0.034 is no longer sufficient to give an accurate result.

Since the mesh size is determined by the irregularity of the
geometry and the variation in current demsity, it is reasonable to

base the time step interval on the mesh size. At Q* = 0.068 per time
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Table 6. Effect of time step on profile error; (a) Q* = 0,34,

(b) QF = 0.41,

a) Profile Coordinates at Q* = 0,343 A/A = 0.1

Time Step
Interval Masximum
Q" 7(0) v(0.9) Y(1.0) % Deviation
0.068 3.150 2.580 2.574 1.3
0.034 3.150 2.578 2.575 0.4
0.017 3.151 2.577 2.576

b) Profile Coordinates at Q* =

0.413 A/X = 0.1

Time Step
Interval Maximum
Q" Y(0) Y(0.9) Y(1.0) % Deviation
0.068 3.142 2.531 2.530 7.1
0.034 3.143 2.528 2.537 A
0.017 3.143 2.525 2.548
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step, the profile advances a maximum of approximately 0.05 cm, which
is twice the maximum required mesh spacing. Since the current distri-
bution is known before advancing the profile, the maximum change can
be restricted to the two grid space criterion.
Smoothing
The simulation of a deposition process is inherently unstable
in the sense that small errors at a point tend to be cumulative and
are magnified as the simulation progresses. For example, if, through
a small ervor, a local peak forms on the electrode surface in the
simulation, that peaks tends to attract more current and becomes even
larger. In the dissolution process, by contrast, the additional current
attracted by a similar local peak tends to dissolve the peak back to
the average surface plane, and propagation of the error does not occur.
In order to lessen the tendency of unstable behavior of the surface
profile, smoothing of the coordinates can be performed. I have chosen
least squares polynomial smoothing, which is a straightforward and
well-~known technique. One can specify either the degree of the poly-
nomial or the yms errvor. I chose to specify the rms error from which
the minimum polynomial degree is computed. For highly irregular curves
or those with sepavate distinctive features, multiple polynomial equations
can be generated and spliced together.
It is reasonable to specify the rms errvor as a fraction of the
grid spacing, on which the maximum advance of the profile also depends,
I can estimate this criterion based ou the results in Table 7. The
cubic equation that is obtained with an rms smoothing greater than

10 microns (the profile advances approximately 200 microns/time step
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Table 7. Effect of least squares smoothing on profile error.
Profile Coordinates at Q* = 0,343 A/A = 0.1
Rms Error Polynomial
(cm) Degree Y(0) v(0.9) v(1.0)
1 x 1077 3 3,143 2.581 2,575
5 % 107 3 3.143 2.581 2.575
1 x 107 3 3.143 2.579 2.575
5 % 107" 5 3.150 2,579 2.575
2 % 107 5 3.151 2.578 2.576
1 x 1077 10 3,150 2.581 2,585
No Smoothing 32* 3.150 2.574 2.577
Profile Coordinates at Q* = 0.413 A/A = 0.1
Rms Error Polynomial
(cm) Degree Y(0) ¥(0.9) ¥(1.0)
1 x 1072 3 3.133 2.532 2.528
5 % 107 3 3.133 2.532 2,528
1 x 1073 3 3.133 2.532 2.528
5 x 107% 6 3.143 2.527 2.534
2 x 107% 12 3.143 2.528 2.536
1x 107 17 3. 144 2,528 2,546
1 x 107 32" 3,144 2.537 2.582
No Smoothing 3.143 2,551 2.562

*
Not fit to specific criterion because of other comstraints.
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at the peak) is not sufficient to describe the actual profile, and
the profile near ¥ = 0 is distorted. Smoothing between 1 micron and
5 microns gives acceptable results, Table 7b shows that the extent
of the depression is reduced significantly as the rms error criterion
is increased, Some judgment is required to decide whether curves
should be subdivided so that smoothing over a specific feature can

be accurately performed.

In this study smoothing between 0.5 and 2 percent of the grid
space size gives the best results. Without smoothing, at Q* = 0.41
the absolute change in the derivatives is greater thanm 3 between
adjacent nodes, With 2 micron smoothing the change in derivatives
is 0.5 at the peak.

Summary of Errvor Criteria

T have estimated criteria (see Table 8) for determining the
calculation parvameters that are based on empirical results. The mesh
size is first selected on the basis of the relative change in current
density and absolute change in surface derivative values., Relatively
fine meshes are required for highly irregular geometries. The time
step size and the convergence criterion can be estimated from the grid
spacing. Some smoothing may be required for highly irregular profiles

or if thick deposits are to be simulated,
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Table 8. Error criteria guidelines.

Parameter

Limit

Grid Spacing

Time Step Size

Convergence Criterion

Smoothing

Less than 0.15 absolute difference

in derivative and less than 15 percent
relative change in current density
between successive surface nodes

Less than 2 grid spaces
See Equation 23, less than 0.1 percent
of the relative potential change

between adjacent nodes

Greater than 0.5%Z of the grid space
and less than 27 of the grid space
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"Never hesitate to perform an experiment, for fear of learning

something new."

C. W, Tobias, general admonition

to graduate students
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4. EXPERIMENTAL PROGRAM
An experimental program was initiated to obtain data on the growth
of electrodeposited profiles. The contoured rotating cylinder system
was chosen primarily because it offered a uniform hydrodynamic boundary
layer. Since the system is axisymmetric, a simulation can be reduced
to a two-dimensional problem. The acid-copper system provided high

current efficiency, simple ion discharge, and acceptable deposits.

Selection of Operating Parameters

Initial trials were aimed at determining a vange of operation
where quantitative profile data could be obtained. Thick deposits
(vl mm) obtained near the limiting current tended to be rough and
unsuitable for measurement. In general, operation at low fractions
of limiting current (Vv20%) and at low current density (V30 mA/cﬁz)
favored smooth deposits.

Eisenberg et 31918 established a correlation for the limiting
current density on smooth rotating cylinder electrodes in turbulent

flow

0.3 Scmo°644

i, = 0,791 nFc,v Re (26)

1 b

or

i = 0.791 nFe vo°7d,m0°govw0934éD 0.644

1 b ; o (27)

Since the limiting current density increases in proportion to the
bulk reactant concentration (cb) and as the 0.7 power of the surface
velocity (v), the highest practical copper sulfate concentration and

a high rotation speed are desired. A rotation speed on the order
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of 800 rpm was sufficiently high to maintain a high limiting current
density (V350 mA/cm2)9 yet low enough to avoid operational difficulties
with vortex formation and bubble entrainment. The copper sulfate
concentration (V0.8 M; at 25°9C) was chosen to be sufficiently far from
the saturation limit to avoid precipitation at the anode. Large ohmic
losses were avoided by adding supporting electrolyte (VI M HZSOA)°

An operating temperature of 259C was convenient, and most physical
property and polarization data were available at that temperature.
Experiments were run at temperatures of 40°C and 55°C, but no particular
advantages to operating in this vange were noted. The slope of the
polavization curve decreases with temperature., This may be caused by
an increase in the cathodic transfer coefficient (ac) or it may be that
the exchange current deﬁsity is actually larger than that calculated,
and the dats were not obtained in the Tafel vegion. With increasing
temperature, electrolyte conductivity increases, while the slope of
the polarization curve decreases; because of these countervailing
tendencies, the range of the Wagner number cannot be significantly expanded
by varying temperature alone.

In order to avoid roughness and still operate at high current
densities, a leveling agent was tested. In several runs with 1O®3
M benzotriazole at a current density on the order of 100 mA/cng the
deposit was stressed and peeled from the substrate.

The Cu' species exists in small equilibrium quantities with the
dominant Cu' specieg, Only the cu’ species can react with dissolved

oxygen and thus deplete the electrolyte of reactant. In order to

avoid reactant depletion, the dissolved oxygen was removed by sparging
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the electrolyte with nitrogen gas. In addition, a nitrogen blanket

was maintained over the electrolyte during each run. In order to

check for oxide precipitation, the anode weight loss and cathode weight
gain were measured after each of several rums. The anode weight loss
was never more than 37 greater than the cathode weight gain. Within

the experimental accuracy of the current integration system, the current
efficiency was 100%.

Equipment

A schematic of the experimental apparatus is shown in Fig. 12.

A model 6259B Hewlett-Packard regulated power supply provided comstant
cell potential through feedback sensors connected directly to the
cell., The copper reference electrode potential was measured with

a model 610 Keithley electrometer. A Princeton Applied Research model
379 digital coulometer continucusly monitored the charge passed.

A one-half hp variable speed motor and controller, manufactured by
Minarik, were used to rotate the cylindrical electrode at constant
speed (+5 rpm).

The cell was custom built from type 316 stainless steel on the
inside, An outer brass jacket permitted continuous water circulation
for temperature control. The upper and lower cell surfaces were machined
from Lucite. The cell dimensions ave 13.7 cm inside diameter by 16.8 cm
high, and the volume of electrolyte contained in the cell is approxi-
mately 2.5 L. A stainless steel shaft connected the motor to the
rotating electrode. The current was conducted through finger contacts
to an Everdur collar. The anode was rolled from 1/16-in. OFHC sheet

stock and was press=fitted into the cell. A glass capillary, positioned



Fig., 12,
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Schematic of experimental apparatus. A) power supply,

B) coulometer, C) shunt for current measurement D) finger
contacts, E) motor, F) rotating cathode, G) electrolyte,
H) anode, I) water jacket, J) reference electrode,

K) electrolyte pump, L) electrolyte filter, M) electrometer.
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flush with the ancde, was connected to the copper reference electrode.
A constant temperature bath maintained the temperature in the reference
electrode to within 0.59C of the electrolyte in the cell. An FMI Corp.
model RPD pump continuously circulated the electrolyte through a fritted
glass disk, which trapped particles larger than 10 microns. A photograph
of the cell appears in Fig. 13.

The contoured rotating cylindrical cathodes were machined from
type 316 stainless steel. A strike from a cyanide-copper bath was
required before each experiment.

Experimental Procedure

The contour of the stainless steel cathode was measured on a
Ferrvanti-Sheffield Co-ordinate Inspection Machine. The cylinder was
mounted at its centering marks on the fixed pins of a steel jig.

The point where the pin contacted the bottom centering mark was the
coordinate system reference point from which the contour was measured
before and after deposition. The X and Y coordinates of the axisymmetric
surface were determined to within £0.006 cm.

Before plating from the acid-copper electrolyte, a cyanide-copper
strike was required. The cylinder was weighed and its volume determined
by water displacement. The cylinder was rotated at approximately
1000 rpm and buffed to an optical finish with one micron dismond paste.
Surface impurities were removed by immersing the cylinder in 10 percent
hydrochloric acid followed by an acetone rinse., De-ionized water
was used for the final rinse. After pressing the sleeve anode into
the cell, it was cleaned with 400 grit emery paper and rinsed with

de~-ionized water.
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Fig. 13. Experimental cell and auxiliary equipment. A) constant tempera-
ture bath, B) digital tachometer, C) motor to drive cylinder,
D) electrolyte filter, E) electrolyte pump, F) rotating

cylinder cell,
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The cylinder was mounted by a threaded connection to the stainless
steel shaft (Fig. 14). The cell was attached to the main assembly
and held in place by tightening the nuts on four threaded rods. Four
metal bars acted as guides to maintain a reproducible spacing between
‘the top and bottom>of the cell. The capillary probe, anode 1éad,
cooling water tubes, and filter‘system‘were attached to the cell.

Electrolyte was prepared from reagent grade chemicals and
de~ionized water., The dissolved oxygen in the electrolyte was removed
by nitrogen sparging. Thirty minutes of sparging with 50 cmg/min
was sufficient to remove over 90 percent of the oxygen from 3 L of
electrolyte. The electrolyte was added to the cell and reference
electrode. Theknitrogen blanket above the electrélyte was supplied
through a tube from a cylinder.

The filter pump was started and adjusted to circulate the
eleétrolyte at approximately 0.3 L/min. Rotation of the cylindef
was begun and the speed checked with a digital tachometer. Electro-
lyte temperature was regulated to within 0.29C by adjusting the tempera~
ture of the circulating water bath. The applied potential was increased
over a one minute period and automatically adjusted through a feedback
loop to the power supply. Applied potential, current, and reference
potential were continuously monitored on a 3-pen recorder. The charge
passed was also monitored by the digital coulometer.

After the run the cylinder was weighed and its volume determined.
The final profile was measured in the same way as the original profile,

Afcer completing all studies and measurements on the cathode, the
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plated copper was dissolved in 50 percent nitric acid. The reproducible
stainless steel mandrel was then prepared for a subsequent rumn.

Polarization Measurements

The same preparation technigues as for the contoured cylinders
were used on the smooth copper cylinders for use in taking polarization
data. The cylinders were rotated in the electrolyte for oﬁe hour
at approximately 30 mA/cmZ sc that data could be obtained on a slightly
roughened surface (\W0.002 em). The current was varied between one
mA/cmZ and 100 ma/cmz in steps of approximately 10 mA/cng The applied
potential (Va?) and the reference potential (Vr) were recorded at
each current step. The reference potential with respect to the
rotating cylinder was measured with a Luggin capillé%yg which was
flush with the anode surface,

The cathodic surface overpotential can be determined from the
following relation

v o= ns(anode) + ncﬁ(&ngde) + A@Ohm - ﬂcn(cathode)

ap (28)

- ns(cathode) * A¢contact

By convention the cathodic overpotentials are negative. The two anodic

contributions were measured directly
ap r

ns(anode) + ncn(anode) =V =V (29)

The ohmic drop between the concentric cylinders of height H with inner

radius . and outer radius T is

Abopg = 1/ (27 H<) .1n(ro/ri‘) . (30)
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The concentration overpotential at the cathode is approximately
ﬁcn(caﬁh@ée) = RT/nF 1n(1ai/i1) (31)

The limiting current demsity i, can be calculated from Equation 26.

1
The rotating contact resistance was measured directly before each
run. In order to calculate this resistance, 2 smooth cylinder was
partially immersed in a dish of mercury. Current, in the range of
intevest, was applied to the system, and the potential drop between

the connecting lug and the cylinder was monitored with a digital

multimeter.
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In those days
Copper it was that was the thing of price;
- And gold lay useless, Elunted with dull edge.
Now lies the copper low, and gold hath come

Unto loftiest honours.

Lucretius
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5. EXPERIMENTAL RESULTS AND ANALYSIS

Polarization Parameters

Polarization data were obtained on initially smooth copper cylinders
2.54 cm in diameter. The cathodic transfer coefficient was calculated
from the slope of the current density-—overpotential plot in the Tafel
region. The anodic transfer coefficient was calculated in an analogous
manner. Because a velatively large ohmic drop is subtracted when
calculating the overpotential, relatively large errors resultj however,
polarization parameters available in the literature for similar, but
not identical, concentrations are of the same order of magnitude,
The exchange currvent density was calculated by extrapolating the
polarization curve in the Tafel region to zerc overpotential. The
polarization parameters obtained in my experiments, as well as those
obtained by other investigators, are summarized in Table 9.

Analysis of Polarization Data

A plot of the experimental overpotential valugs for use in
calculating the polarization parameters is shown in Fig 15. The solid
line represents the Butler-Volmer expression with a Tafel slope which
is valid in the operating vange (20 to 50 mA/cmz) for the contoured
cylinder electrodes,

The deviation of the experimental points from the Butler-Volmer
equation at high current demsity probably results from neglecting
the concentration dependence of the exchange current density. From
an analysis of the data of Mattson and B@gkrisyzo Newmaﬁ21 calculated

a correction to the exchange current density of
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Table 9. Polarization parameters.

Concentration io
Temperature o 9
°c) CuSO4 H2804 (A/em”)
M M
25 0.8 1.0 0.57 0.0045
0.57 0.005
40 0.8 1.0 0.65 0.0097
0.69 0.0098
55 0.8 2.0 1.6 0.040
VALUES FROM THE LITERATURE
2520 0.5 0.5 0.89 0.0017
0.5 1.5 0.8 0.001
1.0 0.5 0.94 0.002
2521 0.5 0.5 0.5 0.008 .
0.075 0.5 0.5 0.003
2522 1.0 1.0 0.6 0.003
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0.42
(c/cb)

Cu++

where ¢ and ¢, are the cupric ion concentration at the electrode surface
and in the bulk electrolyte, respectively. If a linear concentration

gradient is assumed

0.42 0.42
(C/Cb) = (lmi/il) : (32)

Cu**

With this correction the upward trend of the data in the high current
density region is predicted; if a limiting current density of 0.35 A/cmz
is used (Eq. 27), about half the difference between the Butler-Volmer
equation and the data is accounted for.

The anodic transfer coefficient (ué) was calculated from data
taken on the counterelectrode. Anodic film formation, which has been
observed23 in the acid-copper system, may be responsible for the low
03(0333) that was calculated. Mattsson and Bockriszo report a value
of 1.5 for o, in a system with lower CuSO4 and H2804 concentrations.
The discrepancy between the data and the Butler-Volmer expression
at low current density may be explained in terms of the artificially
low - Since the current density range below 20 mA/cmz is not of
great interest, this apparent disparity introduces little error in
the model.

Variations in temperature, concentrations of the ionic species
and placement of the Luggin capillary are the probable contributors

to error in the overpotential. As a basis for comparison, the

variations at 50 mA/cmz for electrolyte that is 0.8 M Cuso, and
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1.0 M HZSO@ at 259C were examined for the effect on cathodic over-
potential. An increase in temperature decreases the overpotential
and increases the electrolyte conductivity. From experimental polar-

ization curves
on, /0T = -0.001 V/%C (33)
The conductivity data of Kern and Changzg show that
3</5T = 0,003 ohm > em” /0 (34)

An increase in copper sulfate concentration reduces the conductivity,
while an increase in sulfuric acid increases the conductivity. From

Kern and Changzg these variations can be calculated

o -1 -1
aK/acCuSOQ = -0,1 ohm ~ cm /M (35)

BK/BCH = (0,25 Ohmmi cmml/H (36)
250,

1f the Luggin capillary is slightly misplaced, the obmic drop to the
tip will be different from that calculated. The effect on the over~

potential is
M%/Efo = 0,003 V/mum (37)
The total error caused by these sources is

n_ = =on /9T AT + 8n_/or_ Ar_ + anS/BK(SK/BCCuSOé AcCu804
(38)

+ 3K /dc Ac + 3K/3T AT)
HZSOQ HZSO4
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The sense of the temperature change is maintained since the overpotential
variation and the conductivity act in opposite directions; only the
magnitudes are relevant for the other variations. The variation in
overpotential with conductivity is manifested through the change in

ohmic drop
-1 =1
ans/a< = 1.0 V/ohm ~ cm (39)

The temperature was maintained within 0,2°C. The capillary misplacement
was less than 0.5 mm. The electrolyte constituents were within 0.03 M

of the specified concentrations. From Eq. (38)

i

Ans (-0.001)(0.2) + (0.003)(0.5) + (1.0) (0.1)(0.03)

+ (0.25)(0.03) + (0.003)(0.2)

[}

~-0.0002 + 0.0015 + 0.003 + 0.0075 + 0.0015

i

0.014 V (40

The reproducibility of the data is generally of this order. Sources

of error such as miscalibrated shunts, multimeter offset, etc. cause
errors on the order of a few mV. The error is larger where the ohmic
drop is a larger fraction of the cell potential, e.g., at higher current
density and at higher temperature,

Contoured Cylinder Experiments

In order to operate over a range of Wagner numbers, the charac-
teristic dimension (the original amplitude) of the sinusoidal cross-
section was varied., The other parameters that enter in the Wagner
number are more difficult to vary. The electrolyte conductivity and

the slope of the polarization curve can each be varied by a factor
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of two, whereas the amplitudes of the two profiles studied were varied
by a factor of 7. The pertinent conditions of the experimental runs

on the contoured cylinders are summarized in Table 10.



Table 10.

Experimental parameters.

Experiment Temperature Concentration Rotation v Time iav Deposit W

Number (°c) CuS0, H,S0, Speed ap initial Weight
GO €Y (RPM) v () (4/ cm?) (g)

20 40 0.8 1.0 800 0.65 25 0.08 290 1.0

22 40 0.8 2.0 800 0.23 48 0.04 293 1.8

28 40 0.8 1.0 800 0.35 18 0.04 103 1.8

32 25 0.8 1.0 800 0.47 15 0.04 112 1.7

33 25 0.8 1.0 800 0.41 25 0.04 158 1.7

34 25 0.8 1.0 800 0.30 46 0.025 167 2.7

35 25 0.8 1.0 800 0.30 20 0.025 92 18.0

0L
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6. RESULTS OF SIMULATED EXPERIMENTS

Method

The original coordinates of the contoured cylinders were determined
(within +0.006 cm) on a Ferranti Inspection Machine, and the coordinates
of a half-wavelength of one of the contoured sections were used to define
the original profile in the simulation. The values of the electrolyte
conductivity, transfer coefficients, and exchange curvent density were
also read-in. An effective applied potential was calculated for use
in the simulation by subtracting the resistance in the rotating contacts
and the anodic overpotential from the measured applied potential.
The total current to the cylinder increased during the experiment
for two reasons: (1) the roughening of the surface increased the
true surface area and reduced the overpotential, and (2) duriug
deposition the average surface plane moved closer to the counter-
electrode and reduced the ohmic losses. The rotating contact resistance
is small (v0.003 Q) and the anodic area is relatively large (5 times
the cathodic area); therefore, the increase in total curvent (V10%)
with time at constant applied potential does not significantly affect
the effective applied potential, and a constant value was assumed,

From the deposit weight on the contoured cylinders, the charge
passed was calculated so that the simulation could be halted after
the appropriate number of time steps. Comparisons of final simulated
profiles and selected experimental profiles are shown in Figs. 16 to
19. The maximum deviations based on the deposit thickness at selected

points are listed inm Table 11,



Fig.

Fig.
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Half-wavelength of the simulated and experimental profiles.
The upper curve depicts the original profile, and the lowest
curve is the simulated final profile. The experimentally

obtained profile is denoted by triangles. Run number 20.

Simulated vs. experimental results for run number 22,

Other details as in Fig. 16.
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Fig. 18. Simulated vs. experimental results for run number 34.

Other details as in Fig. 16.

Fig. 19. Simulated vs. experimental results for run number 35,

Other details as in Fig. 16.
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Table 11.

Experimental vs. simulated profile coordinates.

(o) YO /4) Y(Q/2) y(o) YO/4) Y(O/2) Maximum
Experiment Measured Simulated Percent
Number cm from anode cm from anode Difference
20 5.63 5@32 5.11 5.64 5.38 5.60 18
22 5.60 5.36 5.11 5.62 5.37 5.08 10
28 5.73 5.54 5.28 5.73 5.55 5.28 9
32 5.72 5.55 5.30 5.73 5.55 5.28 15
33 5.69 5.47 5.25 5.70 5.50 5.22 18
34 5.67 5.48 5.23 5.68 5.48 5.22 8
35 5.39 5.34 5.32 5.40 5.35 5.32 12
Original
Coordinates 5.80 5.65 5.41 AO = 0.2, A =2 cm
5.47 5.44 5.41 A =0.03, A\ = 0.3 cem

9L



77

Analysis of Contoured Cylinder Results

The discrepancy between the experiﬁental and simulated results
on the rotating contoured cylinders averages approximately 10 percent.
In general, the shape of the final profile is qualitatively more similar
to the simulated result for thinner, smoother deposits. The disparity
between simulation and experiment is most apparent in run number 20
(Fig. 16), where the average deposit thicknesé was approximately 2 mm
and the average roughness was on the order of 0.1 mm., The experimental
result is that which would be expected if the overpotential near the
peak were increased. A probable explanation of this phenomenon is
that plasticizer from the PVC based filter tubing, which was used in
runs 20 and 22, acted as a leveling agent. In the 48 hour run (run 22)
a wvhite viscous material was clearly evident in the filter. Flexible
teflon tubing, which is inert in the acid system, was used in all
subsequent experiments. In an experiment under the same conditions,
but with the teflon tubing, a much rougher deposit was obtained.
Because the roughness was of the same order of magnitude as the deposit
thickness, meaningful measurements could not be obtained. The roughness
obtained in the absence of the PVC tubing tends to support the hypothesis
that ableveling effect was caused by the PYC tubing.

Run number 22 (Fig. 17) was conducted under conditioms similar
to run number 20, except that the initial average current demsity
was épproximately half that of run number 20. Since the Wagner number
was appfoximately double that of run number 20, a more uniform current
distribution was obtained. The kinetic effects tended to mask the

leveling effects, and better agreement resulted. In run number 34
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(Fig. 18) the average current density was again halved. A coherent
matte deposit, approximately 1.5 mm thick, was obtained, and the
agreement with the simulated curve was within 10 percent at each point.
Since the model does not account for local variations in roughness,

a uniforﬁ? relatively smooth deposit favors a current distribution

that can be successfully simulated.

In run number 35 (Fig. 19) the contoured cylinder with the smaller
amplitude (0.03 cm) and wavelength (0.3 cm) was used. The characteristic
dimension was reduced by an order of magnitude, and the Wagner number
was correspondingly increased by an order of magnitude. The small
depression that férms on the peak for a low Wagner number rum (Fig. 20)
is absent in the high Wagner number case (Fig. 21). The formation
of a characteristic feature, such as the depréssion at the peak, is
addressed in the next section.

In summary, the deviations between experiment and simulation
are generally on the order of 10 percent. Discrepancies of this
magnitude can be attributed to standard experimental error: initial
and final profile measurement, as well as conductivity, current, and
temperature variations. Observable variations in surface roughness

also contribute to current density variations.
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Fig. 20. Contoured rotating cylinder electrode. AO = 2mm, A = 2 cm,

W= 2.7.

Fig. 21. Contoured rotating cylinder electrode. AO = 0.3 mm, A= 3 mm,

W= 18.
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7. EFFECTS OF QUMIC DROP AND CURVATURE
The velative effects of obmic drop and curvature cause variations

in the primary current distribution on an electrode profile., 1In this

section I am using the term ohmic drop to describe the effect of distance

from the counterelectrode on the current distribution., The ohmic drop
in these terms is the resistance when no curvature is present, viz.

plane parallel electrodes., The current-voltage

o >
o
ity
fudn
ol
o
=
o

efween Lwo

o

relationship in this case is linear and can be modeled as a linear
resistor. Where the electrode separation is smaller, the ohmic drop
is smallev, and more current flows.

An electrode that is convex with respect to the counterelectrode
tends to attract more curvent to the curved region. With a primary
current distribution the equipsotential lines nearest the electrode
surface tend to follow the surface contour; since the flux lines must
be perpendicular to the equipotentials, the current demsity tends to
rige where the curvature is high. In the extreme case of an elec-

the curvature and the current density are

trode
infinite at that cornew.

In ovder to study the interaction between curvature and obmic
drop, four model electrode cross—sections were consideved: circular,
parabolic, sinusocidal, and biquadratic. In each case the electrode
was oriented with its plane of symmetry perpendicular to a plane
counterelectrode (Fig. 1).

With this arrangement the peak, which is on the line of
symmetry, is nearest to the counterelectrode, and, therefore, favored

ohmically. The curvature is a maximum at the peak for the parabolic
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and sinusoidal electrodes and a minimum at the peak for the biquadratic
electrode. The curvature is uniform on the circular electrode. The
peaks of the parabolic and the sinusoidal electrodes are favored by
maximum curvature and minimum‘ohmic resistance; therefore, one expects
that the primary current distribution on the initial profile will be
maximum at the peak. For the biquadratic electrode the peak is favored
ohmically, but the maximum curvature occurs away from the peak. Because
of these competing effects, one cannot easily predict the position of
the current density maximum. In the case of the circular electrode,
the current density should be maximum at the peak since the curvature
is everywhere uniform, but the peak is obmically favored. The numerical
simulations show that the maximum currvent density on the initial pro-
file is at the peak when the curvature is also maximum there. In the
biquadratic case the current density is maximum near the curvature
maximum but is slightly shifted toward the peak the ohmic drop is lower.
As the profile advances, the curvature and relative ohmic drop
change in ways that are not easily predicted from a knowledge of the
initial current distribution. Intuitively, one expects the peak to
grow preferentially if it is initially relatively sharp; conversely,
a profile that is relatively blunt might be expected to form "shoulders"
that would then grow preferentially in an area away from the peak.
The growing profiles with a primary current distribution were simu-
lated in six different cases: a high and a low amplitude-to-wavelength
(AO/A) ratio sinusoidal profile, a high ané a low focal length parabolic

profile, a circular electrode, and a biquadratic electrode.



The advancing low amplitude (AG/A = 0,025) sinusoidal profile
is shown in Fig. 10. 1In this case the peak is favored at each time
step and eventually becomes sgharper. For Aﬁ/k = 0.1, the profile
tends to grow rapidly in a region away from the peak, and consequently,
a depression forms at the peak (Fig. 11).

The fundamental differences between thé characte%iétics of the
two profiles can be seen on normalized plots of the key variables:
curvature, distance from the counterelectrode, and initial current
distribution. T have chosen to normalize each variable over its range;

thus, for distance from the counterelectrode

¥ = (Y , ~¥/(Yy. =Y ) (41)
norm min min max

Fach variable was normalized in a similar manmer so that it is zero
where ¥ is one and is one where X is zero.

For the low amplitude sine wave, Fig. 22 shows that the curvature
and the current density are varying approxiﬁately linearly with the
sinusoidal profile. The value of the normalized curvatufé is less
near the peak in the low amplitude case; therefore, the curvature
does not stromgly influence the current distribution, and the resulting
distribution is similar to that which would be obtained from placing
plane electrodes at corresponding p@giti@nsgl Since ohmic effects
dominate, the peak is favored and continues to be favored duﬁing growtheb

For the high amplitude sine wave the curvature at the peak falls
more rapidly, and the current density also drops more rapidly (Fig. 23).
The current density is decreasing most rapidly near X = 0.8, Since

the curvature is also relatively high near X = 0.8, a shoulder begins
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Fig. 22. Wormalized values of current density, electrode separation,
and curvature for a low Ab/A sinusoidal profile., Wote that

current density and curvature are maximum at X = 1.

Fig., 23. Normalized values of selected variables for a high Ao/k

sinusoidal profile.
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to form in that area. As the profile advances, the curvature increases
in the shoulder area, and relatively more current is attracted to that
area than to the peak. Eventually, the current density becomes higher
in the shoulder region, and diversion of current from the peak causes

a depression to form at the peak.

For the parabola and other non-periodic functions, a circular
section was joined to the original curve in order to obtain a finite
non-zero current density near X = 0, In this region the current density
is sufficiently small so that changes in this area do not appreciably
disturb the current density near the peak. The parabola with the
smaller focal length grows in the manner that is intuitively expected.
The initially high curvature on the peak and the ohmically favored
position of the peak cause the current density to be a maximum there
as the profile advances (Fig. 24). The rapid decrease in curvature
and current density near the peak are shown in Fig. 25. As the focal
length is increased, the parabola becomes blunted, and a more uniform
initial current distribution near the peak results (Fig. 26). Even-
tually, a shoulder forms near X = 0.9, and that area advances more
rapidly than the peak (Fig. 27).

The circular electrode also develops a shoulder away from the peak
(Fig. 28). The plot of the normalized current density (Fig. 29) shows
that the current density decreases moderately with respect to electrode
spacing near the peak. The negative curvature in the recess (X = 0 to

0.5) causes the current density to be relatively low there.
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Fig., 24, Simulated deposition on a low fecal«léngth parabolic electrode.

W=20.

Fig. 25. Wormalized values of selected variables for a low focal-

length parabolic profile.
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Fig. 26. Normalized values of selected variables for a high focal-

length parabolic profile.

Fig. 27. Simulated deposition on a high focal length profile.

W= 0.
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Fig. 28. Simulated deposition on a circular profile. W = 0,

Fig. 29. Normalized valuves of selected variables for a circular electrode.
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The bigquadratic electrode (?iga 30) continues to grow most rapidly
where the initial current density is highest, near X = 0.75. In time
this area grows move rapidly than the peak.

Generalizations that can be made from this study are only valid
for a primary current distribution where the cathode is described
by a continuous, monotonic, even function with a single curvature
maximum, and the counterslectrode is a plane surface perpendicular
to the axis of symmetry. When the curvature is a maximum at the
peak, there are two exireme cases where the peak tends to accelerate
as it advances. When the peak is initially sharp, it attracts substan-
tially more cuvrent than the immediate surroundings, and it grows
preferentially. At the other extreme where the curvature on the entire
profile is small and the current density decreases lineafly with distance
from the counterelectrode, the ohmic effects dominate. A shoulder,
associated with a relatively rapid decrease in current density away
from the peak, does not form, and the peak grows most rapidly.

In the cases that fall between these extremes, a shoulder forms
in an area away from the peak. The curved region then attracts more
current and grows more rapidly than the peak, The shoulder forms
sufficiently near the peak so that currvent is diverted from the peask,
and a depression forme there., When the peak is not coincident with
the curvature maximum, as in the biquadratic case, a depression forms
near the curvature maximum rather than at the peak.

Some approximate quantitative velations can be generated from
these exasmples. One criterion for formation of a shavp peak is that

the current demsity decrease linearly with distance from the counter-
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. electrode., In the normalized plot for the low-amplitude sine wave
(Fig. 22), the normalized current density near the peak (X greater
than 0.7) is always within 3 percent of the normalized distance from
the counterelectrode. The difference bétween the normalized distance
is 6 percent at X = 0.7 for the circular electrode (Fig. 29). The
peak does not become sharp for the circle; hence, the 3 percent devia-
tion is approximately the maximum difference that can be tolerated
in order to form a sharp peak.

For the profile that is initially relatively sharp, the current
density deczéases rapidly near the peak. One measure of the rate
of decrease is ]di/dx{norm where the normalized current density is
90 percent of its value on the peak. A value of one for ldi/dx]ncrm/
!dY/dX[nofm at that point indicates a linear variation of current
density with counterelectrode distance. A larger value indicates
that the current density is falling more rapidly because of curvature
effects. For the low focal length parabola the normalized current
density is 90 percent of the value at the peak near X = 0.9 (Fig. 25).
At this position the ratio of derivatives is 9., For the high focal
length parabola the normalized current demsity falls to 90 percent
of its maximum value near X = 0.7, where the rvatio of derivatives
is 1.2, This analysis suggests that if the ratio of derivatives is
on the order of at least 10, the peak will sharpen.

For the biquadratic curve described by Y = B(X“1)49 where B = 5,
the effect of curvature causes the initial current density maximum
to shift away from the peak to X = 0.75. This point continues to

be favored and continues to advance most rapidly as the profile grows.
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As the coefficient B is increased, the curvature maximum becomes larger
and shifts toward the peak, It seems reasonable that the peak would
be favored for extreme values of B. For a“sufficiently large value

of B, the curvature maximum will occur at a point indistinguishable
from the peak; for a small value of B, the curvature effects will be
negligible and ohmic effects will dominate. For example, the maximum
curvature occurs near X = 0.99 for B equal to 1000. The curvature

is 120 there but falls rapidly to 5 at X = 0.98. At the other extreme
the curvature is a maximum at X = -8 for B equal to 2 x 10”45 At

this point the curvature is only 0.13, but the electrode is 1.3 units
farther from the counterelectrode than the peak.

As the Wagner number is increased, the current distribution becomes
more uniform, and the effects of curvature and ohmic drop become less
pronounced. The formation of a shoulder, for example, on a sinusoidal
profile is a manifestation of competing ohmic and curvature effects.

If these effects are suppressed, then the shoulder is less likely

to form. A comparison of Fig., 23 and Fig. 30 shows the difference
between an advancing profile resulting from a primary and a secondary
current distribution. For a profile with AO/X = 0.1, formation of

a shoulder and accompanying depression at the peak for an equal
amount of charge passed does not occur when W = 1 (Fig. 31).

Only the‘magnitude of the amplitude and wavelength of the profiles
(AO/X = 0.1 in both cases) was significantly varied between experiments
34 and 35. 8Since the Wagner number is inversely proportional to the
characteristic dimension, W is higher by an order of magnitude for

the smaller profile. Although the average surface plane advanced
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by a greater number of original amplitudes, no depression at the peak
occurred for the smaller profile. The smaller characteristic length
permits a more uniform current distribution and, therefore, a more

uniform growth of the profile.
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8. SIMULATIONS OF SELECTED GEOMETRIES

Corner Problem

The rounded corner electrode has several interesting features.

The current density in the cormer tends to rise. 1In addition, the
current density may vary significantly over the profile, and the effect
of kinetic limitations has a striking effect on the metal distribution,
In plating practice the higher current density may cause an excessive
deposit in the corner area, and above a certain current density level
the deposit may burn, i.e., form a rough, discolored deposit. 1In

the present study the effects of varying the Wagner number and the
geometric parameters are examined. In a subsequent section other
methods of altering the current distribution will be investigated.

In the first series of simulations, the counterelectrode is closer
to the cathode thanm is the insulating wall. The result of depositing
with a primary current distribution is illustrated in Fig. 32. The
simulation was halted after the peak became sharp, and a relatively
high current density developed there,

The greatest amount of cha%ge is passed somewhat above the wmidpoint
of the corner. As the peak progresses, its growth is accelerated
because of increased curvature at the top surface and because of the
proximity of the peak to the counterlectrode. The peak attracts current
from the immediate surroundings and causes depressions to form on
either side. The metal distribution near X = 0 is unaffected by the
corner and approaches the uniform thickness that would be obtained
from depositing between two plane electrodes. The resistance increases

considerably in the recess, and little deposition occurs there.
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The effects of increasing the Wagner number are illustrated in
Figs. 33, 34 and 35. 1In each simulation the same amount of charge
has been passed to arrive at the final profile. At a Wagner number
of 0.01, the final profile is similar to the result from the primary
current distribution. At W = 0.1, the peak is flatter, and the
depressions on either side of the peak have disappeared. At W =1,
the metal distribution is much more uniform, and the peak is no longer
discernable.

One method of quantifying the changes in metal distribution is to
measure the height of the peak above a characteristic deposit thickness.
1 have chosen to take the maximum deposit weight above the original
horizontal cathode plane (Y = 4) and divide this distance by the deposit
thickness at X = 0, With this definition a larger ratio is characteristic
of a non-uniform current distribution. The results are tabulated in
Table 12. For the primary current distribution the ratio is 1.8.

For a Wagner number of one, the peak is imperceptible.

In the second series of simulations, the insulator was moved
closer to the cathode, and the counterelectrode was moved farther
away. The same series of simulations was run for this geometry as
for the previous one. The primary current distribution simulation
displays the same characteristic features as those in the previous
geometry (Fig., 36). In contrast to the previous series, for a Wagner
number of 0.1, the depression on the right hand side of the peak has
disappeared (see summary Fig. 37). This difference arises because
the anode is farther away, and the relative ohmic advantage of the

peak is less. As a result, the peak is somewhat bluater, and less
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Fig. 33.
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Simulated deposition on a corner electrode. The anode is
at the top surface, the cathode occupies the lower left~
hand corner, and all other surfaces are insulated.

Ww=20,

Deposition on a cormner electrode. The intermediate time
steps have been removed. W = 0.0l1. Other details as in

Fig. 32.



(CH)

DISTANCE

(CM})

DISTANCE

102

ANODE

5.0

4.0
o
o

3.0 CATHODE g
=
2

2.0 z

1.0 F W=@

@,@ i i i i

2.0 1.6 2.8 8.8 4.8 5.8 6.0
DISTANCE (CM)
ANODE

5.0

4.0 ~
&
=)

3.0 CATHODE o
-
7
Z

Zs@ - =

1.0 | W=0.,01

@9@ i i, 4 i

2.6 1.0 2.6 3.6 4.0 5.0 6.0

DISTANCE (CM)

Figs. 32-33

X8L 7910-12066 A



Fig. 34.

Fig. 35.

Deposition

as in Fig.

Deposition

as in Fig.

103

on a corner electrode.

32,

on a corner electrode,

32.

W

W

i

i

0610

19

Other details

Other details



(CM1

DISTANCE

DISTANCE (CM}

5.0

4.0

3.0

2.0

104

ANODE
‘%\\ m
o
- CATHODE p
e
7
i z
- W=@.1
1 i i 1
2 1.0 2.6 3.0 4.¢ 5.0 6.0
DISTANCE (CM)
ANODE
“\ m
O
- CATHODE e
e
-
9]
§ =
L wg]
| i i i
2 1.0 2.0 8.0 4.6 5.0 6.0

DISTANCE (CM)

Figs., 34-35

XBL 7910-12066A



105

6.0

5.0

4,0
G =
u 3-8 F CATHODE =
) o~
z )
= 2
%E 2@@ - o
)

1.0 W=0

@.0 ﬂ ° !

. 1.0 2.0 3.6 4.8 5.0
DISTANCE (CM)
XBL 799-12059

Fig. 36. Deposition on a corner electrode. Note that anode is favrther
from the cathode, and the insulator is closer than in Fig. 32.

w = Oe



Fig. 37.

106

Summary of the simulated deposition on the corner electrodes.
The series on the right is from the cells shown in Figs. 32
to 35. The series on the left is from the cell shown in

Fig. 36. Proceeding downward, the Wagner numbers are

approximately 0, 0.01, 0.1, and 1.
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Table 12. Ratio of maximum deposit thickness
to characteristic deposit thickness,

Wagner Ymax/Ychar

Number Anode Close Insulator Close
0 1.8 2.0

0.02 1.7 1.8

0.1 1.3 1.3

1.0 1.1 1.0
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current is diverted from the immediate surroundings. At a Wagner
number of one, the kinetic resistance becomes significant, and the
differences due to the geometric variations become less important.

In order to control the metal distribution, auxiliary electrodes
and shields can be placed at strategic points in the electrolyte.

These devices are commonly used in metal plating operations. The
auxiliary electrode, at the same potential as the cathode, redirects
the current more effectively, but the current efficiency suffers since
some of the metal is plated on the auxiliary electrode, rather than

on the cathode. The shield is an insulating material. Although it
increases the cell resistance, it does not generally affect the current
efficiency. These‘devices can be simulated, and their effects on

the metal distribution can be determined.

The simulated metal deposit resulting from a primary current
distribution, where the insulator and the anode were initially equi-
distant from the cathode is shown in Fig. 38. For certain applica-
tions a relatively uniform deposit in the cormer area would be desirable.
In Fig. 39 the result of placing a shield near the anode is shown.

Some of the current is diverted from the peak, and a slightly blunter
peak results., As the insulator is moved closer to the cathode, the
redirected current reinforces and sharpens the peak (Fig. 40). Clearly,
placing the shield at the location shown would be undesirable. An
auxiliary electrode placed at the same location as the shield in

Fig. 39 produces a relatively uniform deposit around the corner

(Fig. 41). 1If the auxiliary electrode is moved closer to the cathode,

the deposit becomes thinned at the corner (Fig. 42}, From these
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Fig. 39. Simulated deposition on a corner electrode, Same conditions

as in Fig. 38 except for the insulator near the anode.

Fig. 40. Simulated depostion with an insulator near the cathode,

Other conditions as in Fig. 38,
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Fig. 41. Simulated deposition with an auxiliary electrode, at the same
potential as the cathode, near the anode, Other conditions

as in Fig. 38,

Fig. 42, Simulated depositionm with an auxiliary electrode near the

cathode. Other conditions as in Fig. 38.
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simulations the optimum configuration is that shown in Fig. 41, where
the auxiliary electrode is close to the anocde. The deposit is most
vniform and the formation of the peak is suppressed.

Deposition in a notch with kinetic resistance was studied. The
geometric arrangement is similar to the corner electrode, but the
side of the electrode that extends infto the main recess intersects
the insulator at an acute angle. From symmetry considerations this
arrangement is equivalent to a cell where a mirror image is projected
across the insulator. Such an equivalent cell forms a notch with
an angle twice that between the insulator and the cathode.

Two geometric variations were studied: one where the angle between
the cathode and the insulator was 11° and another where the angle was
40°. The primary current distribution displays the same characteristic
features as those in the corner electrode problem (Figs. 43 and 44).
Because of curvature effects, a local peak forms above the midpoint
of the corner. Where an electrode forms an acute angle with an
insulator, no current can flow to the point at the vertex in‘a primary
current distribution.

As the Wagner number is increased, the peak at the corner is
reduced, but little additional current flows to the base of the notch
(Figs. 45 and 46), Even with the larger base angle, little additional
current flows into the recess (Figs. 47 and 48). If the Wagner number
is extremely large, the normal current deﬂsity at each point approaches
a constant value. The results of extreme kinetic control are shown
in Figs., 49 and 50. 1In thése cases the deposit approaches the insulator

at an acute angle, and the deposit in the notch along the insulator
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Fig. 43. Simulated deposition on a notch electrode. The angle between

the insulator and the cathode is 119, W = 0.

Fig, 44, Simulated deposition on a notch electrode. The base angle

is 40°. W = 0.
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Simulated deposition on a notch electrode.

angle is 119,

Simulated deposition om a notch electrode,

angle 1s 11°.
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Fig. 47. Simulated deposition on a notch electrode,

base angle is 40°.

Fig. 48. Simulated deposition on a notch electrode.

base angle is 40°.
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Simulated deposition on a notch electrode.

current density, base angle is 119,

Simulated deposition on a notch electrode.,

current density, base angle is 40°,

Constant local

Constant local
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grows faster than the deposit opposite the anode. The small angle
notch closes faster than the large angle notch. This kind of leveling
effect is referred to as geometric leveling. In this geometry the
leveling efficiency can be defined as the ratio of growth along the
insulator to the maximum growth on the electrode opposite the anode,
The leveling efficiency is zero for a primary current distribution,
and it is greater than one when a more uniform deposit resules. The
leveling efficiency is summarized in Table 13.

It is interesting to note that the corner grows toward the insulator
faster than points below it in all cases studied where Wagner number
was less than one. This implies that an occlusion, which will increase
the deposit porosity, will form under the conditions studied. For
those cases, where the ratio of maximum notch depth is less than one,

a Wagner number greater than one is required in order to avoid large
occlusions.

Mass Transport Effects on Sinusoidal Profiles

The effects of mass tramsport on growing sinusoidal profiles were
studied. The surface concentration changes that result from ion depletion
in the diffusion layer can affect the current distribution in several
ways. The exchange current density is usually sensitive to concentration
changes. 1In acid-copper electrolvte the exchange current density increases
roughly with the square root of cupric ion concentration. The decrease
in cathodic surface ion concentration that accompanies the passage of
current has the effect of lowering the exchange curvent density. This
implies that 3ﬂs/3i becomes larger as the limiting current density

is approached.
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Table 13. Ratio of deposit at the base of the notch
to the characteristic deposit thickness.,

Base Angle Base Angle
W 40° 119
0 0 0
0.2 0 0
0.7 0.2 0.1
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The magnitude of the concentration overpotential also increases
as the limiting current density is approached., In order to characterize
this effect, a dimensionless quantity, analogous to the Wagner number,
can be defined. Since the surface overpotential increases logarithmi-
cally in the high current density regime, it is reasonable to evaluate
]an/ai[ at an average current density; however, since the concentration
overpotential increases rapidly at high fractions of limiting current,
it is appropriate to evaluate [ancn/ail where the current density is
a maximum. A dimensionless number that characterizes mass transport

effects can be defined as

W o= K[Bncn/gili /L (42)

max
In order to calculate the reactant ion concentration at the

electrode surface, the transport of the ionic species through the
mass transport boundary layer must be computed. Unless the hydro-
dynamics is well-defined, this computation is extremely complicated.
Considerable simplification can be realized by estimating an effective
mass transport boundary layer thickness., For certain macroprofiles
it is reasonable to assume that thg boundary layer follows the profile.
For a microprofile where the boundary layer is thick compared with
the average surface roughness, it is appropriate to assume that
the boundary layer follows the average surface plane. The surface
concentration can be assumed to vary linearly with fraction of limiting

current.
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The apparent exchange current density can be affected by decreasing
reactant concentration as well as by leveling agents. In one series of
simulations the exchange current density was assumed to vary with the
local fraction of limiting current (see Eq. 5). On the macroprofile
depicted in Fig. 51, the boundary layer was assumed to be of constant
thickness, and ch wss assumed to be zero. At a Wagner number of
0.18, the depression at the peak, characteristic of low Wagner number
simulations, appears after the peak advances approximately 1.1 Age
Growing profiles in the same system were also simulated under the
assumption that the exchange current densityAdecreased linearly with
current demsity, as might be appropriate for a leveling agent. With
the same applied potential the Wagner number is 0.45 (Fig. 52). Because
of this increase in W, the depression at the peak is suppressed, and
more uniform growth is realized.

Cases where the surface overpotential was zero but where concentra-
tion overpotential was appreciable were also considered. The simulation
in Fig. 53 was run with W, " 0.3 and W = 0. With significant concen~
tration overpotential a more gnif@rm cuffent distribution is obtained,
and the dépression at the peak does not appear. If the concentration
overpotential is reduced (wcn = 0,05), the depression at the peak
is again manifested (Fig. 54).

Because W increases rapidly at high fractions of limiting
current, the current distribution exhibits a characteristic behavior
under mass transport control, which is distinct from the behavior under
charge transfer control. When mass transport control dominates on a

sinusioidal profile, the concentration overpotential falls rapidly
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Simulated deposition on a sinusoidal profile. AO/A

W= 0.2,y =0.

Simulated deposition on a sinusoidal profile. AO/X

W= 0.45,Y = 1.
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Simulated deposition on a sinusocidal profile.
W=0.45, =1.
Simulated deposition om a sinusoidal profile.

W _ = 0.05,
cn
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where the current density decreases most rapidly, near the peak. The
rapid drop in overpotential near the peak causes more current to flow
to that area. On successive profiles this phenomenon causes a byoad
flattening of the peak. Although a shoulder forms away from the peak,
the rapid increase in concentration overpotential reduces the tendency
for diversion of current to that area, and no depression forms at the
peak. The contrasting behavior of mass tramsport and charge tfansport
controlled profiles is illustrated in Fig. 35. BEgqual quantities of
charge have been passed in the two simulations. At W = 0.4 the peak
grows fastest, and the profile begins to sharpen away from the peak;
however, with significant mass transport control (W = 0.18, W, = 0.21),
the broad flattening of the peak occurs., When the kinetic resistance
is increased above the corresponding mass transport resistance (Fig. 56),
more uniform growth is realized, but the characteristic broad flattening
does not occur.

On microprofiles the diffusion layer is thick compared with the
average surface roughness. In this case the diffusion layer follows
the average surface plane, rather than following the detailed profile.
In order to facilitate comparison with the above simulations, the
same initial profile was used. Although it is a macroprofile, the
diffusion layer can be assumed to be correspondingly thicker to maintain
similarity. The simulations shown in Fig. 37 were carried out under
similar conditions (W = 0.18, ch = (0,2) except that a thick (ZAO
from the peak) diffusion layer, which follows the average surface plane,
was assumed in one case; a thin diffusion layer, characteristic of a

macroprofile, was assumed in the other. The characteristic flattening
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Simulated deposition on a sinusoidal profile.

(o) W=0.18, wga = 0,213 (A) W = 0.4,

Simulated deposition om a sinusoidal profile.

AQ/K = 0,13

(o) W=0.2,
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Fig. 57. 8imulated deposition on a sinusoidal profile., The diffusion
layer is approximately 0.4 cm (ZAO) irom the peak at each
time step, and it is parallel to the anode. W = 0918§

W o=0.2.
cn
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associated with the macroprofile under mass transport control does not
occur when a thick diffusion layer is assumed. These differences can

be explained by examining the behavior of the concentration overpotential,
which is g function of both the local current density and the local
diffusion layer thickness. On the initial profile the diffusion layer
decreases sinusoidally along the X~axis; however, the current density
decreases more rapidly near the peak (see Fig. 23). As a result, the
concentration overpotential decreases more rapidly near the peak, and

the flattening associated with mass transport limitations on the macro-
profile does not occur,

Anodic Dissolution of a Sinusoidal Profile

In an electropolishing process the reduction of surface roughness
is accomplished by preferentially dissolving the protruding features.
Wagnerg modeled the roughness as a sinusoidal form. He derived an
expression for the time~dependent change in amplitude for a diffusion-
controlled process. Under the prescribed conditions Wagner demonstrated
the mathematical equivalence of the diffusion-controlled problem and the
ohmically controlled problem (primary current distribution). Because
of the assumption that the normal curvent density is approximately
equal to the current density component normal to the average surface
plane, the solution is only valid where the amplitude-to~wavelength
ratio (A/)) is low.

A numerical simulation of the same problem was performed. The
behavior of the dissolving profile for an initial amplitude~to~wavelength
(AO/A) ratio up to 0.3 was examined. Although Wagner assumed that

the sinusoidal shape is maintained during dissolution, the peak dissolves
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preferentially, and some distortion of the form occurs. As a result,
the peak and the recess are no longer equidistant from the average
surface plane, and another definition of the amplitude must be invoked,
I have chosen to define the apparent amplitude as half of the peak
to recess distance. The average surface plane is defined as the mean
distance of the profile from a reference plane. With these definitions
quantitative comparisons with the results of other investigators can
be performed.

Wagner's expression for the change in amplitude with time for

a displacement of the average surface plane u is
In(A/A ) = =2mu/) (43)

A plot of ﬁln(A/Ao)/(Zﬁu/A) vs AO/K (Fig. 58) for the numerical solution
reveals the resulting differences., The solid line represents the
relative change in amplitude extrapolated to u/A > 0, where the maximum
differences occur. For larger u/\, Wagner's assumption of small A/)

is a better one, and the differences become smaller. The differences
are also small if Ab/K is small. The current density in the recess

is always underestimated in Wagner's analysis. It is zero in the

recess for an A/A of 1/2m; thus, the leveling efficiency is always
higher than that predicted by other methods.

More recently, Fedkiwzs employed a regular perturbation technique
to solve the dissolving sine wave problem. By including fourth order
terms, he gave a better approximation for the current distribution.,

One of the equations resulting from his analysis expresses the ratio

of the current density in the recess to the average current density
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puto

Ji = 1eoma/h + 2CTA/M)S 4 873 (TA/M® 4 0(a/N)? (48)
jg o4 av .

Fedkiw noted that Wagner's solution is given by the first 2 terms
in Bg., (44). It is clear that the series diverges for A/A greater
than 1/7 and cannot be used in that range; moreover, irc/iav increases
with increasing A/\ for A/)\ greater than 0,15, The relative current
density in the recess must always decrease with increasing relative
amplitude; hence, the four term expansion is insufficient to describe
the curremt demsity for A/)\ greater than 0.15. The results of this
analysis for the relative change in amplitude are plotted on Fig. 58.
The predicted leveling efficiency tends to be somewhat lower than that
predicted by the numerical result. The ratio of maximum to minimum
current density on the initial profile is illustrated in Fig. 59.
It 1s clear that the perturbation solution is superior to Wagner's
solution in the AO/X range of 0.1 to 0.15.

The displacement of the average surface plane required to dissolve
a specified fraction of the original amplitude provides a useful measure
of the leveling efficiency. The distance, expressed in terms of the
original amplitude, that the surface plane must recede in order to
dissolve half the original amplitude is plotted in Fig. 60. Since the
peak and the recess are nearly equally accessible for low AO/}\y the
profile must traverse a distance equivalent to 10 original amplitudes
before the amplitude is reduced by half. By contrast, for AG/X = 0,3,
a half amplitude reduction is accomplished as the average surface plane

recedes by a half amplitude.
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Fig. 59.
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Comparison of Wagner's solution with the numerical solutiom
(0) and Fedkiw's solution ({J) for the dissolution of a sinusoidal

profile.

Ratio of current density on the peak to current density
in the recess as a function of the initial amplitude-to-
wavelength ratio. (o) numerical solution, (O) Fedkiw's

solution, (A) Wagner's solution.
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9. SUMMARY AND CONCLUSIONS

A model for simulating the transient behavior of electrodes under-
going deposition or dissolution has been developed. The model accounts
for ohmic drop, charge transfer overpotential, and mass transport limi-
tations, Although only two-dimensional and axisymmetric systems were
simulated, the methods developed can readily be extended to three-
dimensional shapes.

Finite difference techniques were used in the computer simulations.
A solution for the primary current distribution simulations can always
be obtained; however, convergence will not necessarily be attained for
secondary and tertiary current distribution problems. An algorithmic
procedure to overcome the instabilities inherent in these cases has
been developed. With this procedure convergence has been attained
for all reasonmable values of the physical parameters. General guide-
lines for determining the computational parameters (convergence
criteria, mesh size, time step interval) have been established, and
error limits have been estimated.

Carefully controlled electrodeposition experiments were performed
in a contoured votating cylinder electrode system., Two sinusoidal
profiles were machined on different stainless steel cylinders. The
amplitude~to-wavelength (AO/K) ratio was 0.1 in both cases, but the
actual dimensions weve greater by a factor of 7 for the larger profile.

Experiments were performed with these two cylinders where the Wagner
number was varied between 2 and 20. Because rough deposits were obtained

. . ‘s . 2
in the acid-copper bath at current densities in excess of 50 mA/em ,
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all successful experiments were performed at average current densities
between 25 mA/cm2 and 40 mA/cmze

When the Wagner number is low, the current density variation on
the profile is greatest. In these cases a shoulder tends to form near
the peak, where the current density and curvature variations are rela-
tively high. As the shoulder grows, the increased curvature in that
area causes current to be diverted from the peak, where a depression
forms., When the Wagner number is high, the current density is more
uniform, and no depression at the peak occurs,

The kinetic parameters weré determined from polarization curves
obtained on copper rotating cylinders. These parameters, along with
other physical property and geometric data, were incorporated in simu=
lations of the growing sinusoidal profiles. Based on the deposit thick-
ness, the simulated and experimental profiles generally agreed to within
10 percent., The depression at the peak for the low Wagner number runs
was predicted by the simulations.

Since the formation of a depression at the peak of the sinusoidal
profile was unexpected, this phenomenon was explored further. Primary
current distribution simulations were performed with electrodes of
different geometries, viz. sinusoidal, circular, parabolic, and
biquadratic, The formation of a sharp peak was favored in cases where
the curvature effects were relatively unimportant, e.g., the low AO/A
sinusoidal profile or where the peak was initially sharp, e.g., the
low focal length parabolic profile. 1In the cases that fell between
these extremes, the formation of a shoulder away from the peak, and

the formation of a depression at the peak was favored. As the Wagner
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number is increased on any profile studied, these effects are either
manifested at later growth stages or are totally suppressed.

Simulations of deposition on a rounded corner were performed.
Several variations with different geometric and polarization parameters
were studied, The primary current distribution simulation displayed
a characteristic peak that formed above the midpoint of the corner.

At a later growth stage tﬁe sharpened peak attracted sufficient current
from the immediate surroundings so that depressions formed on either
side of the peak. As the Wagner number was increased, the §eak became
less pronounced, and at a Wagner number on the order of one, the peak
was no longer discernable. As the electrode separation was changed,
slightly different peak characteristics were manifested, but at higher
Wagner numbers these differences were minimized.

The characteristics of the primary curvent distribution simulations
in a notch were similar to those for the corner problem. When the angle
in the notch is small, little deposition occurs at the base of the notch.
With the primary current distribution, for all angles no deposition at
the base of the notch occurs. Geometric leveling was demonstrated for
the case of constant local current demsity, i.e., at infinite Wagner
number .

The effects of mass transport om growing sinusoidal profiles were
considered, The depletion of reactant concentration that accompanies
the passage of cathodic current reduces the exchange current density.
When this dependence is taken into account, a more uniform current dis-
tribution results. As the limiting current density is approached, the

concentration overpotential becomes significant. The functional depend-
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ence of the concentration overpotential and surface overpotential om
the current density is markedly different. Because the concentration
overpotential increases rapidly at high fractions of limiting current,

Aa broad flattening of the peak results when the current demsity at the
peak approaches the limiting current density. The surface overpotential
increases logarithmically in the high current density range. This slower
increase in surface overpotential causes the resulting profiles to be
more uniform.

On microprofiles mass transport limitatioms result in growth
patterns that are different from the changes occurring on macroprofiles.
When the diffusion layer is thick compared with the average roughness,
the diffusion layer follows the average surface plane. In contrast
to the mass transport controlled behavior of the macroprofile, the
advancing microprofile under corresponding conditions does not exhibit
the characteristic, flattened peak.

Simulations of sinusocidal profiles undergoing anodic dissolution
were performed. These simulations were compared with Wagner's analytical
results. Because of the assumptions that Wagner invoked in order to
obtain a solution, his prediction of the time-dependent decrease in
amplitude is accurate to within a few percent for an initial amplitude-
to-wavelength (AO/A) ratio of less than 0.05. Numerical results were
obtained for AO/A up to 0.3. The simulations performed at high AO/A
showed that the initial rate of change of amplitude, computed by Wagner,

was in error by at least 20 percent.
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APPENDIX A
PROGRAM DESCRIPTION
The function of each routine of the computer program for calculating
the successive profiles of a'sinusoidal cathode undergoing deposition
is outlined in this section; the details of each routine are described
in the next section,

Main Program CURDIS

All of the geometric, physical, and computational parameters are
read-in, and initial estimates for the surface potentials are calculated.
The largest portion of the program is devoted to the iterative solution
of Laplace's equation by the finite difference equation detailed in
Appendix F. The overpotentials are computed from the polarization
equations (some form of Egs. 3 and 6). From the value of the total
current, calculated in subroutine CURBAL, the time step is computed
from the specified charge per time step (Eq. 9). The new coordinates
of the boundary points are calculated from Eqs. 14 and 15. The conver—
gence decisions are all made in thie routine. The decision to halt
the computation after the total specified charge has been passed is
also made in the main program.

Subroutine CONFAC

The weighting factor D in Eq. 11 is caleculated in this routine.

Subroutine CURBAL

In this subroutine the total current is calculated from Eq. 8.

Subroutine CURCAL

The calculation of the current density at each surface node,

described in appendices G and H, is performed in this routine,
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Subroutine CURMAP

The function of this routine is to print out the coordinates of
the moving electrode after each converged time step. In additiom, the
current density, the derivative at each surface node, and other geometric
information are also printed out.

Subroutine DEP

The values of the polynomials comprising the cubic spline, which
describes the electrode boundary, are calculated. The coefficients
in the simultaneous equations of the cubic spline form a tridiagonal
matrix, which is solved for the surface derivatives in the subroutine
TOMET. The ordinates at the original abscissa values are then computed,

Subroutine GEOM

The coordinates of the electrode at time zero are defined in this
routine.

Subroutine GFAC

The distance from the electrode to node points adjacent to the
electrode is computed from the splinme polynomials. These values are
stored for use in computation of the potentials.

Subroutine IEST

The initial estimates of all the potentials in the bulk are calcu-
lated by linearizing the potential between the anode and cathode.

Subvroutine INVSPL

The coordinates of the profile between the surface nodes are calcu-

lated from the interpolating polynomials of the cubic spline.
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Subroutine PMAP

Values of the potentials at each node can be printed out from this
routine,

Subroutine SETUP

The number of grid points between the electrodes at each abscissa
value is established in this routine,

Subroutine SMOOTH

Least squares smoothing of the electrode coordinates (prior to
interpolation) can be performed to lessen the tendency for unstable
behavior,

Subroutine SPLN

The derivative at each of the surface nodes is computed from the
cubic spline.

Subroutine TOMET

The unknowns in simultanecus equations, where the coefficient matrix

is tridiagonal, can be determined by the Thomas Meth@delé
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APPENDIX B

PROGRAM DETATLS

Each section of the main routine and the subroutines is described

below.

The program variables are defined in the nomenclature section.

Each statement is numbered by the MNF 4 compiler, and all references are

to the numbers which appear to the left of each statement in the program

listing.

A problem involving deposition on a sinusoidal cathode is used

to illustrate some of the features of the program (see Appendix E).

Main Routine CURDIS

1-96

97

98-123

126-129

130-146

All program parameters are read—=in. Zero is the default option
for all variables which do not need to be defineds

The initial geometric arrangement of the cathode is defined in
subroutine GEOM.

The program variables are initialized here. All potentials
must be positive. A value of -64 indicates that no value has
been specified for the potential of a given node,

The initial estimate of the surface potential for linear
polarization can be determined explicitly. The distance
between the anode and cathode at the specified coordinates
KC,IC is used to solve for the surface potential PT(chiC)

in the one~dimensional problem.

For Tafel kinetics the surface potential cannot be determined
explicitly: however, the Newton-Raphson method converges
quickly on the correct surface potential. The concentration
overpotential can also be included in the calculation (see

Appendix J).
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147-148 1Initial estimates of the current density and time step are
calculated here.

149-155 Each surface node is initially set at the same potential, cal-
cuiated in previous sections. Alternatively, a surface potential
can be specified (PT1).

156 The grid is counstructed in subroutine SETUP.

157=169 The coordinates of the profile can be punched on cards for

later plotting.

170 The derivative at each surface node is computed in subroutine
SPLN.
171 The initial estimates for the potentials in the bulk electrolyte

are computed in IEST.

172-180 The counterelectrode surface is set equal to the anode potential.

182 The initial geometric parameters are printed out in CURMAP

184~192 The initial error matrix is set equal to zero.

201 The distance to the surface from adjacent nodes is calculated
and stored in subroutine GFAC.

208 The iterative solution of Laplace's equation begins here.
The methods shown in Appendix F are used to calculate the
potentials. The arrangement of node points that are calcu~
lated in each section are illustrated in Appendix K.

222-227 The potentials for equally spaced nodes in the main grid (low

node density) are calculated in this loop.
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228-237 The potentials for equally spaced nodes in the auxiliary grid
(high node density) are calculated in this loop. The potential
for nodes adjacent to the boundary is not calculated in this
section.,

238-253 The auxiliary grid for nodes adjacent to the boundary in the
J+1 position are calculated in this loop (see Appendix K,
Fig. a). The normalized difference in potentials between
iterations is stored in the E array. If the difference is
greater than the error criterion, NEC is incremented to signal
that continued iteration is required.

265=291  The main grid potentials for the first row are calculated in
this loop. The point in the I-1 position may be in the main
grid (statement 272, Appendix K, Fig. b) or in the auxiliary
grid (statement 279, Appendix X, Fig. c).

296-303 1If the first row is an insulated border, the node in the I-1
position takes the same value as the node in the I+l position
(see Appendix K, Fig. d).

309-356 The potentials for the first row of the auxiliary grid are
calculated in this loop. The potential at the I-1 node can
be in the main grid of the previous block (statement 316,
Appendix K, Fig. e). The node at the 1,1 location in the
auxiliary grid is calculated at statement 342 (Appendix K,
Fig. £). The potential for the node adjacent to the boundary

is computed at statement 351 (Appendix F, Fig. g).



364-380

382-387

394-437

439-449

450-455

456-570

572-616

617-629
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In this loop the potentials for the second last row of the
main grid are computed. The I+l node may be in the main grid
of the next block (Appendix K, Fig. h) or in the auxiliary
grid of the next block (Appendix K, Fig. 1),

The pcte@tials of the second last row for the last block are
computed in this loop (Appendix K, Fig. j).

The calculation of the auxiliasry grid potentials in the first
and second last rows parallels that for the main grid.

The potentials for the J=1 points on the auxiliary grid are
computed in this loop (See Appendix K, Fig. k).

The main grid potentials are equated to the auxiliary grid
potentials where the points coincide.

The potentials of nodes adjacent to the surface where no node
exists on the surface are calculated in this section. The
distances to the boundary have previously been calculated in
subroutine GFAC. The potentials at the intermediate points
are determined by linear interpolation. With these distances,
the methods shown in Appéndix A can be applied to these nodes.
The statement numbers and corrvesponding illustrations in
Appendix L are as foll@wsé 484, Fig. a; 486, Fig. b; 489,
Fig. c; 495, Fig. d; 529, Fig. e; 547, Fig. f; 554, Fig. g;
562, Fig. h,

The potentials for the last row and last block are computed
in this loop.

The values of the potentials can be printed out at specified

iterations.
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634-637

641

650

655~-661

664671

685-691

693-697

701-707

709-716

717-720

722-732
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If all potentials are converged, the current densities are
calculated,

Loose convergence criteria allow intermediate calculation of

the current densities even if all potentials are not vet
converged.

The current densities are calculated in CURCAL.

The weighting factor D in Eq. (11) is computed in subroutine
CONFAC. The details of the method are in the section on con=-
vergence procedure,

The coordinates of the maximum current density points are
determined here. These coordinates ave used if the maximum
current density is a specified fraction of the limiting current.,
The concentration overpotential is calculated in this loop.
Surface overpotential described by Tafel kinetics is calculated
in this loop.

The overpotential from a linear polarigzation equation is computed
in this loop.

The polarized electrode potentials are stored for the next
iteration or time step.

The Wagner number is rvecalculated in this section.

The convergence criteria must be met before moving the electrode
boundary.

The currents on the anode and cathode are determined in sub-
routine CURBAL. A comparison of the two results gives a measure
of the accuracy of the solution. The time step is calculated

according the Eq. (7).
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735-747 The new coordinates of the boundary are calculated in this
loop (see Egs. 11 and 13). |

757 The optional subroutine SMOOTH performs least squares smoothing
on the boundary.

760-763 The new coordinates, the derivatives, and the grid arrangement
are computed in the subroutines DEP, SETUP, and SPLN.

764=778 Afrer defining the new geometry the surface potentials from
the previous iteration are used for the initial estimates.
1f convergence has not been achieved, the old values gf the
surface patentials are used for the next iteration.

781-792 The convergence status or the values for a couverged soclution
are printed out in this section.

815 If convergence is not achieved after the specified number of
iterations, the computation halts.

818 After the total charge has been passed, the computation is

terminated.,

Subroutine CONFAC

The weighting factor FP (D in Eq. 13) is computed in this section,
4-8 If thersurface potential at the specified location (PT(XC,IC))
is proceeding in the same direction between itevations, the
factor CFM is increased by 10 percent. If the potential
reverses direction, this factor is reduced by 40 percent.
9 The factor CF reflects the variation in the current density

(ACE) between iteratioms. For stability a large value of ACE

requires a smaller weighting factor.
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19-20

21
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As the relative surface potential variation approaches a con-
verged value, the factor CIF is reduced.

If the problem has not converged by the time 80 percent of

the specified iteration limit is reached, the factor CIF is
reduced, This procedure increases the chances of convergence
for problems in which too few iterations have been specified.
The limits of ACE for which the factor CIF will be increased

or decreased are calculated here. 1In the initial stages the
minimum limit CMI is on the order of 5 percent, and the maximum
limit CMA is on the order of 10 percent. As the surface poten~—
tial variations decrease, the limits are reduced.

The factor CIF is increased by 20 percent if ACE is less than
CMI and decreased by 50 percent if ACE is greater than CEAQ

The weighting factor FP is calculated by multiplying the weight-

ing components together.

Subroutine CURBAL

16-27

The approximate area AR of the cathode associated with each
node is the auxiliary grid space dividgd by the cosine of the
angle with the normal to the surface. A unit strip width (1

cem in this example) is assumed so that the current per unit
electrode length is numerically equal to the current per unit
area. The current density CD multiplied by the area increment
AR gives the current CC. Summing these gives the total current

CCT. Since only half of a grid space is associated with the
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first and last nodes, these currents are calculated separately
(CCl and CCL). The average cathodic curvent is the total
current CCT divided by the total area AT.

29-49 The anodic current is determined by an analogous procedure.
A three point numerical differentiation formula (see Appendix
G) is used to determine the potential gradient and the current.

Subroutine CURCAL

19-36 The Y-component of the current density is calculated in this
gsection, If the fractional distance FD between the surface and
an adjacent node is less than 20 percent of a grid space, the
adjacent point is ignored in the computation (see Appendix G).

38-51 The angle of the electrode is determined so that the appro-
priate nodes and distances are used in the calculation of the
X-components of the current density.

52-56 1f the nodes for the numerical differentiaion fall in adjacent
blocks or on an insulated border, speciagl calculations must
be performed. Control is transferred to the appropriate section
for these special computations.

57 An image point is used for the caleculation of the X-component
of current density near an insulated border (see Appendix M,
Fig. a).

60-61 Nodes from the previous Elock may be required in order to perform

the differentiation (see Appendix M, Fig. b).



65-89

92-94

103-125

128-139

140-165

166-185
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The potential at the node in an adjacent block is calculated

in this section (see Appendix M, Fig. ¢). Quadratic Lagrangian
interpolation is used to determine the potential in the adjacent
block (see Appendix H).

For electrode surfaces in a recess, the X-component of current
density 1s set to zero.

The interpolated potentials are calculated for use in the
3=point numerical differentiation formula.

The numerical differentiation is performed in this section.

1f the angle of the normal to the surface with respect to the
established coordinate system is greater than about 35 degrees
(see Appendix G, Fig. a), the X-component of the current density
on either side of the boundary node are calculated and a linear
interpolation is performed to calculate the X-component at

the given node.

The current density at each surface node is calculated from

Egs. 11 and 12. Since positive values of the current density
are not physically possible, a reduced estimate for the current
density is used in this case. The average normalized change

in current density between iterations through this lcop is

also calculated here.

Subroutine CURMAP

The values of the current density, the coordinates of the system,

and other pertinent data are printed out in this routine.
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Subroutine DEP

In order to interpolate the ordinates back to the original abscissa
values, a cpbic spline is constructed through the new coordinates.
The ordinates can be obtained from Eq. 2.1.10 in Ahlberg et 31917 after
solving the simultaneous Fgq., 2.1.16 for the derivatives at the surface.
6=70 The coefficients (A(AL), u(AM), and C(C)) for the simultaneous
Eqs. 2.1.16 are determined in this section.
71 The values of the derivatives can be determined by solving
the simultaneous equations by the Thomas method in subroutine
TOMET.
90 The new ordinates ave determined by Bg. 2.1.10.

Qe

Subroutine GEOM

The problem geometry is defined in this subroutine. The counter-
electrode is assumed to be flat and perpendicular to the insulated walls.
In this example the distance between the anode and cathode is
Y = 3 + 0.2cos(20X/\).

Subroutine GFAC

7-52 If no node exists on the sﬁrface in the I-1 poé‘iﬁi@n9 the
distance to the boundary is determined agnd stored for use in
the potential calculation (see Appendix L). The distance can
be calculated from an implicit solution of a cubic interpolating
-polyncmial of the spline; the computation is performed in sub-
routine INVSPL.

53-62 The distance to the electrode surface, where no node exists

in the I+l position, is calculated here,
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64-74 The distances to the I-1, J+l, and I+l positions are stored
in XL, XU, and XR, respectively.

Subroutine IEST

20-22 The potentials for the main grid are linearized for the initial
estimates in the bulk electrolyte.

25-34 Linearization of the auxiliary grid potentials is performed
for the initial estimate.

Subroutine INVSPL

For a given ordinate, the abscissa value can be found by an implicit
solution of an interpolating polynomial of the cubic spline. Newton's
method is used to locate the root.

Subroutine PMAP

The values of the potentials at each node are printed out from
this routine. The values can be printed ocut at any specified interation,
and the converged values can also be obtained,

Subroutine SETUP

The auxiliary grid is constructed in this sectiom.
15-18 The point closest to the counterelectrode is determined in
this loop.

19-30 Auxiliary nodes £ill the grid that are the specified distance

(NAS*DX) from the point closest to the counterelectrode.
33~40 The distance from the closest node to the surface is computed

for each row and is stored in DU.
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Subroutine SMOOTH

In this optional subroutine the coordinates of the boundary after
passing charge, but before interpolating, can be smoothed by at least
squares technique. The routine POLFIT, described in the Sandia Program
Library927 fits the points to the lowest degree polynomical such that
the rms error of all points is less than the specified criterion ER
(in this example 2 microns).

Subroutine SPLN

The derivatives at each electrode surface node are determined from
the cubic spline. The method, equations, and nomenclature are identical
to those im subroutine DEP.

Subroutine TOMET

The Thomas method is used to invert a tridiagonal matrix. This
matrix arises from the simultaneous equations used to solve for the
the derivatives at the electrode surface. The nomenclature used in

the program parallels that in Lapiduselé
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APPENDIX C

PROGRAM VARIABLES

A constant overpotential in = A + Bi

Al alphanumeric title

ACE average current error between iterations

AL overrelaxation parameter 1.85

APHI arctangent of absolute value of the derivative
AVI average curvent density

B 1) linear overpotential slope

2) Tafel overpotential slope

BPE error in surface potential

BV(K) base vector; distance from counterelectrode to auxiliary grid
BVV, BVM, BVP, BVN base vector

CAS anodic charge/time step

CAT anodic current

cee cathodic charge/time step

ceT cathodic current

CD(K,1I) current density

CcDo exchange current density
CET sum of normalized current errors
CF current factor; the component of the weighting factor FP that

is a function of the current error ACE
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CFM consistency factor; weighting factor component that depends
on whether the surface potentials are oscillating.
CIF component of weighting factor that increases as successive

current errors stay within specified limits

CL limiting current demnsity

CLC constant in limiting current calculations

CLM limiting current density

CMA maximum change in ACE above which CIF is decreased
CMI minimum change in ACE below which CIF is increased
CN current density

CON electrolyte conductivity

COY(X,1) concentration overpotential (V)

CPC concentration overpotential coefficient
CSA -~ absolute value of the arctangent of D(K,I)
CZ PT(XC,IC) at the iteratiom v-1

D(K,1) derivative at electrode surface
DA distance to J+1 point
DC, DCF¥, DCZ variables to determine whether PT(KC,IC) is changing

in a consistent manner between iterations

DD D(K, 1)

DEN electrode density

DF deposition factor; deposit volume/C
DL distance to I~1 point

DLD(KR,I) diffusion layer depth

DM, DP  are DX(X)
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DMA, DPA are DXA(K)
DR distance to I+l point
DT time step increment

DU(K,I) distance from electrode to point below

DV voltage difference
DVX potential in the X~direction
DvY potential gradient in the Y-=direction

DX(XK) main grid spacing

DXA(R)  auxiliary grid spacing

DXL distance to I-1 point

DXV(K,1), DYV(K,I) DVX and DVY, respectively stored for output
DZ DX(K)

DZA DXA(K)

D2 DU(K, 1)

E(X,J) relative potential error at I,J

EAV average potential error ET/IE

EE PN-PA(K,I1,J)

EN relarive normalized potential error

ERR convergence criterion for normalized potential error
ET sum of EN

FE Faradaic efficiency

FLC specified fraction of limiting current

FP weighting factor for surface potentials

FW formula weight
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I row index

1c specified row coordinate where current demsity is relatively
high

ICL iterations in the current loop (subroutine CURCAL)

1E number of points used to compute EAV

IGK IGR(K)

ILM maximum specified interations iﬁ potential loop

™, IN, INB row indexes

IPOT flag to indicate whether converged potentials are to be printed
out (1l=yes, 0=no)

1PU flag to indicate whether cards are to the punched (l=yes, 0O=no)

1S(K,I) row coordinate for points adjacent to electrode and in I+l
or I-1 positions

ITC iterations in current loop at a given time step

IT™ maximum specified numer of time steps

1TP iterations in potential loop after exiting current loop

ITS number of time steps

J column index

Jb, JH, JL, JR, JU column indexes

JS(X,1I) column index corresponding to IS(K,I)

K block index

KB total number of blocks

KBM KB-1
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KK, KM, KP block indexes
KC block index where current is relatively high
LIT iterations in potential loop

LL(K) number of points of type 1§5,JS

LLT LL(K)

MA(K,I) number of columns in auxiliary grid at a given I

MAA MA(K, 1)

ML(X) number of columns in main grid
MLL ML(K)

N NR(X)

NAS(K)  number of auxiliary squares of main grid dimensions to be

generated between main grid and electrode

NEC number of potentials tested exceeding the convergence criterion

NIPO number of iterations in potential loop before calling subroutine
PMAP

NKM, NM, NMG, NMN, NM1, NM2, NNI1 row counters

NR(K) number of rows in auxiliary grid

P(K,1,J) main grid potentials

PA(K,I,J) auxiliary grid potentials

PHI angle betyeen electrode and x-axis
PI 3.14

PN potential at r+l iteration
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PO, PR, PL potentials

PRO
PRP(K)
PT(L)

PT1

proportionality factor for linear interpolatiom
potential to the right of P(K,NMG-1,MLM)
surface potential

specified intial estimate for the surface potentials

RBE, RBM average and maximum normalized error in surface potentials,

T, T1, T2

TCA

TCC

TIM

VA

Ve

VCe

WC

WCT

respectively

temporary storage locations
cumulative anodic charge passed
cumulative cathodic charge passed

time

anode potential
cathode potential

variable convergence criterion

block width

Wagner number fé? concentration overpotential
Wagner number for charge transfer

1/ (1+WN)

Wagner number
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X X-distance from origin

XA, ¥B  temporary distance storage

XL(R91), XR(K, 1), XU(X,1) left, right, and upper distances from
electrode, respectively

XN(K,I) new X-position of each electrode point after deposition or
dissolution

(K, 1) distance between electrodes

Yb, YL, YR, YLL, YLN, YRR, ¥YPX, YT, YU, YY¥ Y=distance temporary

storage
Z valence of depositing or dissolving species
Variables in Subroutine SMOOTH

A work array used in subroutine POLFIT

ER maximum rms error between the polynomial curve and the surface
nodes. The lowest degree polynomial which is less than the
rms error is used for smoothing

TERR flag from POLFIT (1 is normal execution, 2 is error in input
parameters, 3 is polynomial of degree greater than L is needed
to meet the rms criterion.)

NORD degree of polynomial used in the smoothing

R ordinates of the polynomial at the specified abscissa XX

XX, YY coordinates of surface nodes after deposition
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APPENDIX D

PROGRAM LISTING



"o oPROGRAR CURDIS | INPUT (OUTPUT PURCH I w0

PAGE t
1. geuoooe PROGEAM CURDIS{INPUT,QUTPUT , PUNCH)
2. €Ol %448 DINENSION BAI10) . CEWI1,100),CL081,0083, 60301,4000,1S83,10%)
3530 100000 L1 E6) o PRP{G) o RL Q10100 h o XR {1,000 § XKLL 401
. 3. 0019648 _ __  CCHHON/BCHG/XNILy 1013, YN(1,2C1) e, e
%, 0015443 COHRONIBLEAT /BY (6D o DXIB ), DNRIG ), LGRIGI KB ML (G I, NAS {6 I NRIG)
- . 5.. . DOL5448 CERMONSCONC /COY e e
6. 0L 448 CCHRTN/ CONF/ERRy TER, PTC, RBE o FEM, MF o L Ul I Mo 1VC,CEoDCE ,CFMCIF
o SCFCHICHMALFP
T. 0019448 COMPLMSCURCCH/DRV (1, 1000, DYV 2, 1010, ACE
~ B, 001:44B CEMHON/ CURDEN/ CO(E,101) - o e _ S
9, 001%448 CCHMON/DRIV/DIL,1010
10, 001%4%8 _CEMMCNINIYSY ETS I e N _
1. T 001%448 COMNMON/POL /2,8, C0C,CON YA, ¥C
12, 0015448 CCHMMON/PRYS IPRT
FER 001c44B COMNCN/UPDIS/DUT L3000
o L4, COL54%8 _ CDMMON/YOIS/Yi1,1010,MAQLeR01) e [
IS5, 0015448 CTHMCN Plio 51, 510,PAILo 101, 10L1,P 161, 2010
I - 0015448  READ L1Co(AAILD,L=1,10) . B e .
17, G26€ide 10 FORMAT( 10481
18, Q266708 _PRIMT 15,088000 401,100
19,  C266778 15 FORMAT (//710%,1Ca87/)
o 20 0266778 - READ 20,4,8,€D0 . . - R [ .
1. 26758 20" EGRMAT(3ELG. 2]
- 22, 0267058 (LFEiB.EQ.Cl AND.(ANE.Q)) GO YQ 29 . - e+ e
23, 0267128 IFi(B.AND.CDC) EC.0.0 GO TO 24
24, 0267148 1F{CD0.EQaD.) GC T1C 27
25, 0267168 PRINT 21,8,C00
R 2, C267248 21 FORMAT w TAFEL SCLAGIZAVICN PARAMETERS B= ®IPEIG.2¢ ¥OLTS 10= e
L 26 TAFLESEs)
27, Q26 o GE TG 40 S RO VU UV
28, (33 % ¥ 25 o
29, 0267308 25 FORMAT (%  PRIMARY CURRENT DISTRIBUVICNE//) =
30. §2e7308 GG 10 %0
2y, 267308 27 PRINT 28,A,8 e B o .
32, 02867368 28 FCRMAT 1% (INEAR POUARIZATICN PARAWETERS A= oLPEL0.2% WOLTS
. #B= ¥IPELO.2% V/GASCMSCY #) e — e e _
33, 0267368 GO 10 %0
34, 0267368 29 PRINT 30.4
35, C267438 30 FCRMAT(® CCASTANT OVERPUTENTIAL GF A= SIPELO.2% YOLISH//}
. L38s 0267638 40 CONTINUE e e -
37, C2E7438 READ 50, KB (AR{KY  K=1, KET, (N2STKI K= 1, KB
38, Q261618 S0 TORMATLIGES) e s e =
39, 0267618 READ 525 (CX{KjsCXA{K ) K=T, KBS
40, €267348 %2 FCRMAT(E6F5.3) ;
41, 0261748 PRINT 60
. 42, 0267718 60 FCREATIS K, PBLOCKOSXOMAIN GRICISX2AUX GRIDASXAUX SQUAREST SX¢wIDTH . y ) ) R
® {CHIRT}
43, 0267778 L 0C 70 K=1,¥8 . R _ - - . -
44, C27CCiB N=NR{K)
_ 45, _027C01B _ W=FLOATEN-1D#OXA(KY — e
46, (270048 PRINT 65, Ko DH(KJ, OXBIK I, NASTK T, H
_%T7.  C27C218 65 FCRMATISR ! 398XoF5.3910KF53,00K,15,10X,F5.3/1) -
48, 0270218 7O CONTINUE
I 4Se €27L238 READ BO,YA,¥C e _ S R .
50, €27€(318 €0 FORMAT (2F13.5%)
51, 0270318 PRENT B3,YA, WL )
2, C27(368 85 FORMAT(2ZK o* ANODE PCTENTIAL= »FL0.5% CATHULE POTENTIAL® #FL10. 5%

0L1
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CURDL S

SOPROGRAN CURDISLINPUT ,CUTPUT 4 PUNCH DS D

PAGE 3

119- 4272%38
120, 8212558

DLOIK, 30=DLY
EORoE)=i~-] bolXA(KY

121, 0272578
122, 0272638

D0 130 J=1,401
190 PALK, i, Jbx~64,

123, 0292768
12« 0273018

PYLKC SICE=VC
IF{B.EQ.0.) GO TQ 225

i25. 0273038

IFUCOC.NE-0.) GL VO 2%

1260 0273058

WN=BECON/YERCIC) & PTIRC,ECI=(VLIMAIYAR/ QLo

IMET JAL ESTIMATES OF SURFACE POVENTIAL FCR LIMEAR POLARIZATION

128, Q233878
129, 0273218

WFE=lo/{1o+hN}
GG VO 22%

[
€ INITIAL ESTIMATE FOR VAFEL POLARIZATIOM

138 g27:228
123, 0212268

214 Ti=CONZ(YIRC,1C)0C00)
CLM=CLC/i{DADIRC ,TCP9R - E~-30)

i32. Q273328
€213368

PICRC, ICI=YA-1.E~3
DO 217 M=1,50

134, 0272408
135, 027324%08

T3=CONSLYR-PYTIKC,ICH ) 7 V{RC . IC)
IFLCLC . EQ.D) CLUx 3 .E>15

26, $213518
137. 0273548

FF{T3.6T.CLM} T3= .999%CLH
IF{FLL.NE. O} CiM=.Es15

i38,  €213518
139, _ 0274008

T F=VCeReALOG{TI%TvA-PT AKC, ICI 13-PTIKC, [ I-CPCPALDGIL-T3/CLM)
DE=B/4PT{KCoICI-VAI~1~CPC/UVIKE, ICIOCLM/CON-VALPTIKC,0C1)

T14C. T 0274138

141, C27%208

PTLRC, ICI=PYT KL, ICD - 5%F/DE
IFEABS(FI LY .1 .E~-3) GO IC 220

144, 02714268

142 . 0274208
143, 0274258

217 CONTINUE
220 CONTINUE

T14%, T T TZT4&0B T

146, 0274428

$-PTIKC, ICHD D)

WN=B/(YERC o EC) O {WA-PTIRC, TCH ) VoCCRBCPUI IV IRKC IC IR (CLM-CONSIVA

wF=L, /{1le N}
225 COMYINUE

147, 0274438

148,  £274508

TI&9.7 T g21453E

1500 4274568

CCURC, IC)=CONB IV A-PYIKC, IC ) 3 /Y{RC ICH
OT=DXALRCYI/LOFSCDIKC,EC)H)

C INIVIALIZE SURFACE PCYENTEALS

VI=PTE{KC . §C D
DC 230 #-1,K8

151, (274618
152, 0274618

N=NR{K)
00 230 I=1l.N

153, 0274658

JLEk. | £274678

155, C274738

PTAK, §3=VT ~
_IF(PTI.NE.Q) PU{R,I)=PT]

€ INITIALIZE CURRENTS ARD CONC OVERPOTENTIAL

230 CCNTINUE

186, C2liCcB

L 123, 0275028

156, 275638

139, 0272108

€ SETUP GRID

“C PUNCH CARDS FOR PLEVIING

CatL SETUP

L IFLIPU-EQ.D) GO TO 240
PUNCH 235, KB, KB
235 FORMAT 1015}

160. 0278108
161, _ £215208B

PLACH 238, {DXB{K)sK=1,KB}
238 FORMATILIFGE.4)

162, 02752008
163, (273308

164, €235368
165, 0215408

PUNCH 235, (NRIK}, K=1,KBT
_ PUMCH 3202,ITSo VIR TCC

DC 239 K=1,KB

APLI=NRIKI~L $ IF(K.EQ.KB) NHM1-NM1lel

167, C275458
168, 0275608

L2329 CONVINUE

PUNCH  238.6YIK,1051= 1,hH1}

LY



ZWN‘2=1 00y 0Q BEZ¥LLED °g22

*WNG NI SIVIANIACS CI¥D ARVITIXAY I AVINDTIVI

lo wio

INNTINDT 0Ce qI¥LLes  °eée
20T ANDI OTE dSELL20  °922

173

THeNaoIvsIrs 1°N)g=4F*1°%1d g2€iiey  %zé
Yl T-0] SNDS (P oTofoNIdolier T Do (r® I~1°N] d)=Nd 8E26223  °vE2
WIHCE=F OVE 00 B0eLL20  °tEe
WNN°Z=] OTE 3G BSILLEY _ °@ZE_
)
WING NE SIVIANILOG QINO MIVW BAVINWWI D _
3
QFEE 04 ©9 (1°BI°¥DL) 43 BZILL20 _ °122
T 1eNedY 116029 S022
Z-OWN=KNY § 1M1 /N=DEN 9500420 *BIZ
IMIUSE=wa1 ¢ (BIVXO=VI0 $ (NIN0=70 Q00£220 4612
Z-NeTHY 3 T-yolu¥ § T-TViNeule @v2902)  °212
(HIAB-ARE § (W) TH=174 $ (NDEN=N 8149420  *602
_@4°1=¥ §%6 00 8499020 °90E
ToiTI=411 § 19411=g41 € °G=13 § 0=31 6 O=33n 8e99L20 €32
IONIANOD CIE §299020 __°ROZ__ ____
k)
4307 WEANIADS ME MOIAYWIAD WE®3E 3
]
ESPoSICIICTAORCHRD I¥ID 1IVI 8052023 °132
FIv4uAS WYIN SIGON w03 SBOLIVS SIBLINGID IV WoTes. 3 g
SM=413 $ “0=72 $ °1=3@8 $ °I=447 8 °0=730_$ °0=3C 8 0=301 $ O=i]? B0G9L2D  "€61. .
IONIINID 662 ®053L20 ‘26l
e={roi33 8059220 ° 161 .
GvaCi=T 667 30 95€3423 081
£ 2DV =YY BEEILZ0 _ °6B1
Nei=1 662 OC §le9i25  °881
1-%=y (@R 3IN°INIIY  BE2IETD  °431
(% DuN=R T Teezatie  cest
[ R O=8udy . 8¢g9Len °S@1 .
T=d8% 8229L2C 981
INNIENDD BSE %223020  °E£81
5
S3LS IWPL WIN WEDI® D
el
dvWInN3 1IY3 8022823 "23l

TTIi'WI1°0028 INT¥4 “geivteo  Ciel
INNTANDS L52 8439120  °pel

INNTINDD 9&e B209{ 20 YA
 YAS(1CHIWId  BE094Z0_ 84l

IS LIV T 8139Led”  hatl
. ST, e e MO1ONC 1 962 OO . 395220 921 -
— 62 31 08 TT° W %07 541 gELse2o0 511

T4 yN=N $ §uINDL=n91 : BU45420  °€41

BNTl=4 158 30 BI9SL 20 SELT

. . .. R=YOT ¥24 D4 31 STYIINILI04 ¥WIWDT IAWADI I e
o 1331 1192 9696020  *1L1

SI4veiS3 TWIIINT ¥34 FLATINLIIVI ¥ING NE SIVILNIIOd 3TIYINIT 3

ST1v#1253 Witinl 2
NIJS 1TVI qE96220 0Ll

S303V 33vI¥nS Qv SIATIPATRIT 31fdwWId I
IMNTLNTD 092 BZ9SL20  °59%

s tug?aswﬁ&bacs 114N 13 10¥T T WYud0Yd e SIg¥nd



o

¢PROGAAM CURDISTINPUT OUTPLTY ,PURLH o™

PAGE 3

229, 0277448 VL=YiK,1~1) § YR=VK,(¢1] § WAZ=RAIK,13-2
232, 0217518 DO 600 J=2,%42
233, 0211558 VP={J~1 3804 +BYY
e © DC_WOT_CONPUTE BCRDER PTS e
234, 0277606 TFIVL LT YP.CR YR.LT.¥P) GO 10 400
235, 0277648 PN= (PA (Ko I~1a ) 9PATKy 1o 0L BoPAIKy [0 LoD ePAIN, Lo~ 1)) 4o o
236, 0271738 PATK, 1,91 =PAIK, T, JISAT SPNEAL .
237, 0300028 400 CONTINUE
4
o € 2MD 1AST COL m B —
£
238. 03CCCTB DO 420 I=2,mMZ e
235, 0300168 JeRAIR, [9-1 § Vb= (J~112DIR%BYY
241, £3CCI38 IFIY(ReE~18 8T VP CR YK, 1210 LY. YP) GO TO 6320
242, 0300228 D2=DUIR, 1§ § T1=D2¢D1A
244, 0300258 Pz (PATKy I=Lo JUOPALK, 102, J 00002/ (2, 9T L) ¢DIABIPAIK 1,00 1)3DIA +02=

245, (3€C%5B

T SPAIK,Bed-100/7180% 70}
C CHECK CONVERGENCE OF POTENTIALS

EN={PN-PAIR, Ty JI)/FPN $ IE=TEelL

247, 8300548 IFLR,NE.KC) GO TO 410
248, 0300568 E4lo JI=EN

289, 030C628B 410 CONTERUE . —
250. O030C63B EI=ETsABS(ENT

o 251, €3£(658 o IF{ABS{EN}.GV.ERR) MEC=MEC®] .
252, C3gCTvze PATK T o JI=PAI KoL o JILALP{PN-PAIK, 1o 20D
253, G30100B 20 CONTIMIE

o _ € cALC 15T ROM B ~ o I

[+

254, 0301028 __IF(K.EQ.L) 50 TC 440 ~ ;

T Ess, 0301048 ) kH=K-1 § CH=DX{KMT $ CMA=CXA(KHD
258, 031108 BYN=BYIKME) ¢ AXP=NR{KM}-]
260, 0301138 NPN=NRIKM]/{GR (KM

o 261, 0301168  YR=V{Ke2) $ Yi=Y{KM,NKH) . e
263, 03Ci228 45C COMTINUE

_ 264, 03012648 _  §FLIGK.EG.1) 60 YO 700 e o

€ CALCULATE MAIN GRIL (mG) POVENTIALS
265, 0301258 DE 650 J=2 ML™
266, _ 03C1308 _ ¥YP={J-1)%DZ¢}.E-8 . o e

267. 0301338 FPIK.EG.10 GO TO 540

€ _CHECK IF ABOVE MAIN GRID CF PREVIOUS BLOCK

IF{YP.GE .BYM) GG O 500

269, 0301408 LPeYP/DMeY § PRO: {YP-(LP~1)oCHI/DM § DXL=0N
272. 0301478 PL=PTKM NHN, LPI % (L-PRC)IOPROSPIKE, NER, LP91L T

o 2713, 0301568 _ _6D 30 600 e e e
274, C3C1568 506 CCNTINUE

. _._C CALCULATE POTENTIAL CF POINY IN PREVIOLS BLCCK o o e
275, 0301608 YC=YP-BVYN § LP=YD/DMA?1 SPRU- (YD-(LP~1)oDNA} 7/OMA & DXL=DHA
279, _ 63C1708 PL=PATKM MK, LPI* (1 -PRODGPROVPATKM, PKM LP2D )
286, 0302308 GU 10 600

- _-28le  C3C2C0B 540 COMVINWE L . . o i e - e -
282, 0382¢zB IFUIGK.EQ.1) 6O VL 670

e e & FIRST ROW, FIRST BLOCK, WA GRID e Y
283, 6302038 PL=P{1,2,3) $ DXL=DZ
285. 0302078 660 CONTINUE
286, C3Cz118 Ti=0XL+0Z
287, _ 0302128 _  PN=OXLEDZS(PLIDI/OXLOP(K2,d)0/(TI8TIDODXLE(FIK,0 o001 JOPIK,1o9-2D0

LT
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CURTIS

"FePROGRAM CURDIS{ INPUT,DUTPUT,PUNCH)®S

FAGE 7

9L

¢ FGR 11, 3
345, 0305038 789 CCATIMUE
346, €3C5C58 IF(Y(K,2) . LT.YP) GL 7O 790
347, 03¢5078 AF{R.EQ.1) GO _IC 786 D o . L I e
348, €3cslis TF{VEKN,NKM) LT .YP} GC 7O 790
349,  C3CELIB 786 CONTINUE e e I e
350, €305168 D2=BUlK, 13
351s 03CEL T8, PN= ((PL¥DZAPAIK 2, MAFIPDXL )/ (DXL ¢LZA) DKL (DZA+D2 VB PAIK,y Lodol)
#¢0DZASPALIK, L, J-1 %023 /D21 /01, 2DXL/D2)
352, 03(3%48 EE=PN-PA[K, 1, MALD § EN=EE/PN_ S - [ - e -
354, €3¢35538 PRIK, L MAL)=PAIK, 1 (AL cALSEE
355, 0309558 IF(ABSIEND GV .ERRY WEC=MECSL } } R
35¢, C3¢fe2B 790 CERTINGE
c
T FCR 2ND L &ST AOW
[ .
357. 0305648 8CO CONTINU
_ 3:8, £305¢58 [=ANG-1 - . e e e e e S .
359,  C3C5668 IF(K.EQ.xB} GO TC 865
. __ 36D, _03CS5708 _BYP=BVI{KP) $ DP=DHIKP) $ DPA-DOKA(HP) o
3€3, 3CS74E IFUIGK.EQ.1J GC TC 870
364,  03CS778 ~ ~ e B
365, 0306018
o 3€e.  C3CEL4B  IF(YP.GT. evp» GC 1 830 -
[ € FOR ¥G N NEXT BLOCK
367, 0306078 LP=YP/OPeL g PRC: (YP-(LP-1)0CP) /0P e e e _ -
369,  C3(€148 PR=PIKE L UPIF{I-PREI G FFOSPTRP, 1,0 B el
370,  030€228 GC TO 850 e S e R
o T ¢ FOR AG TN REXT BLLCK
... 371, _03C€228 830 CONTINUE o _
372, 0306248 YO=vP-BYP § LP=YDJDFACL § PRO=(VC-(LP-LI%OPA)/DPA
375, C30€238 €50 CENTINUE e
376, 030358 PR=PATKP, [, LPI+PROS(PAIRP 51, L0417~ PA@KPvﬂnLPBD
377, C3(€42B LFUJ,EQ.HLM) PRE(K)=PR e .
378, 030¢€478 PP (K =150V PR T, Je LI ePRePIK T 5 U~ 1037 %0
o _...31%, 6306558 PiKolould: @axyangoamwapN PiKo o)
380, C3(¢640 €60 CONTIMUE
i8l.  03C8678 GG 10 870 L - e e e e [ - .
o € FOR IND LAST ROW MG, UAST BLLCK
382, 0306678 265 CONTINUE . B s 3 _ .
383. 0386708 IF{iGK.EC.1) GG To 8¥o
.. 3B4. _ C3CETLB 00 865 J=2,pBLH8 _
385, 0306748 PN= (P IR I -1, Ji¢PIK T od b I) ¢P{K I d 10 JI0P (Kolydm 7%,
3E€. €307C38 PUK L g ) =PIRy Do B} sALSIER-PEKo T, 00D _ - _
387, C3C7118 269 CONTINUE
388,  03C7128 PRPUKI-PUK, Ioly MLM) - ‘* B
389,  03{71%8 873 CCATINUE
c
B € T FOR aG T . o - - i
390, C3C 7478 YR=Y{K,N) $ MAL=RACK,NM1I-l $ JL=1
393, 0307258 IF1IGK EQ.1) JL=2
354, C3C 318 BC 920 J=4b,¥AL B B
385,  €3C7338 YP=(J=~1)3DZA+BYY & YL=Y(K,N~Z)
397, 03C1alB CAFIYLLLT.YP.CR.YR.LV.YP) GO T8 920 o _ B .
38, C3C 1458 & TK.EQ. kBT 6C 7€ 895 = . - 7 B
3%9.  C3(7478

IF(YP.GT.BYP-1.E-8) GG TO 885



s

CURDIS

*TPROGRAM CURDBISUIAPUT,CUTPUT ,PURCEH *%

€ FOR MG EN NEXT BLOCK
e . 400, 03(3%28 LP=YP/UPSL § PRLC=(YP-{LP-1)0LPY/CP __ R . —
402, ©3(7608 PR=PEUP , 1,4 PI &L I-PRCISPROSP(KP, 1, 1P 1)
403. 0307668 6C TO 900
€ FOR AG IN NEXT BLOCK
504, 0307668 868 CONTINUE - e
405, C3C7708 YC=YP-BYP § LP=YL/LPA®L & T1=YD~{LP-119DPA § T2=DPA
e 6% ¢31c8o8 IFGLP2lEQ.HA(KP,1D) I2=DUIKFRY § FRL=TL/T2 __ — [ S e
4lil.  031C068B PR=PA(KP, 1, LP)oPROCIPAIKP, Ly LPeL}-PAlKP 1oL P )}
412, (31€148 oG Yo 900 ~
13, 0210158 €SS PREPAIKMN,J )
4i%.  C31C208 SC3 COMTINUE -
415,  €31C228 1F{J.EI.00 GO TC S10
e ... %16, 0310238 IFCI,EG.4ALY 6O TO 915 e - .
%17, €31€¢238 Ph= (P;MK NMZ»J})@PAGM*\”I,J&R M?Wo@ﬂ(KaMﬂhJ HBI%.,
18, 0210368 EN=EPN-PALK NN, 4) ) IPN . -
419 £310438 POCKARL, JI=PAIK, MMLo S D oAL O(PH~PACK ;NN Lo 3 )
420,  €31(508 IF(ABSIEN) GY.ERR) NEC=AECeL ) R e
421, 0310558 GC 10 920
R .. . _t _FOR FIRST COLUMM e e
%22,  031C558 310 SONTINUE
%223, 031C5568 WAL =hMG-1 e _ . -
424,  031C578 PO=PIRNNL MUMIO(E o~ o FIGKD S (PRFIRY -PIK MNL, PLHDD
425, 0310678 Ti=pZeDia - _— _ . I,
42¢.  C310728 PN=(PAIK A2, JISFRIBOLI (2. 9T L) o (PRIR,NML, 491 JeDIA/DIFDISHISDZAS
2471972}
%27, 0311148 PRI AN, LI~ PALK hMLo 1) ¢ALD(PN-PA{R,ABI,10)
428, C31f218 GO 10 920 . e e e e e = et e e et o e
€ FOR 280 LAST ROW, 28D LASY COLUPK
42%, (311218 $1% CONTINUE o i S
%230, ¢3lizzd D2=pUIK,NMLY
433,  03112¢B _ _ _ T1=DIAD2
$32. 0211268 PN= D23 (PALK NHZ  JISPRIF(2HTLY SDEBP(PRIR NPl JoL)2DZAPAIK NALed
2-100D23/4T8%78) e e S
433, (311468 EE=PN-PAIR AP, PAT) § EN=EE/GN
e 435, 0211548 PAIK NML MAL) =PATK NHL, MAL) 0 LBEE . _ e — R
4£36, ' 0311618 1¥{ABSIENT .CT ERRT NEC=NEC?T
%27, _ £21166B 920 CLNIINUE e —
%38, 0311708 IF{I6K.Eu.17 6O 10 935
; ¢ o
C FOR BG/AG INIERFACE '_
[ o e
%26, (291728 §1=DZaepl
%90, 0311748 _ . DO %30 I=2,0m2
46y, 0311768 KB=(I-T1190ZA
642, €312008 . IM=IFEX{XA/DZe¢l.E-8)¢l $ AM=(IM-130C7 $ PRC= (XA-XM)/OZ R
%45, 0312078 TIFT T T EQLNNGT PIK, 106 L AL T=PRP (K]
466,  £212208 PO=PIK I M RLHI S FECE PR L0l o MLMD~P (Ko 1M, MM DD o R
«6F, ©3122%8 PN={PAIK I~ 1o L) oPATK {01, 1009DE7(2.%T1IoDZODIAF(VIoT 1T (PREK, LoD 0
SPRSPIH/ BT )
©48, (312438 PAIK G0l h=PR(Kol oL I OALOIPN-PB( Ko BoL D0
. 69, 0312478  $30 CUNTINU - J—
¢ EQLATE CCM
= 550,  §312%28  NSL=M-IGK e S,
451, 0312538 DC 933 T 1o NSLy 6K
%52, 0312568 1r=1/iGKReL
%53, 0312608 PR, I8 RLL J=PAC Ry Lo 00 =
%54, €212¢eB 933 COMTINUE

LL



8LT

CULROT S SHFRECRAN CURDTS TTRPUT , CUT BUT , PUNCHTST PEGE 7Y
455, 0312678 935 CONTINUE T T B
[
€ CALC PCINTS ADJACEWT T8 4 SURFACE WHERE ML WLOE CCCURS -
[
©56, 0312708 LT=106K) ‘“ : o -
4357, 0312788 IF(LT.EQ.L) 6C IO 955
$58, O03iz7ed IFILT.AT.00 &0 VO 3366 T - - o -
459 £312748 D0 853 LQ=k 4L T
460, 03i27€s IFILT-LT. 0 GU YO 3300 AT e
46l. 0313008 L=l @
562 8313018 T=15{ KoLl & J=J51{H, L0 & DR=NR{H, L1 5 DA=XUTK,L ! & DL=XLTKSL? o T T T
%67, 0313138 T1=0A¢DZA $ T2=DReDL $ KP=Kel
%70. 8313218 T HABSHAIK, I} 5 PUSPRIK, [, W&AF T T T - : -
4720 6313278 16§ EKEQu30 . AND. (L. EQ.L)D GO TO 939
473, 0313358 TF{{ K EQ.UB) AND. TI.EC. AT GO TO 940 T
o 4T%. _ 0313438  IF{1.EQ.1) GG TO 941 o )
475, €313438 TFIT.EQ-NELT GC T€ 945 T o -
. 4T76. 0313478 JLEMALK I ~1) $ JR=MALN,8e1) o o o
%78, T313548 IFIOR.LT . DZAT GO YO 936 e T T T - -
479 03133578 PI=PALK, I Lo db
480, 0313628 GO 10 937 ’ o oorrrmr T
%8l. Q313648 936 P3=POCDR/DIABIPALK, [¢+1, JRI-PO S
B %82, CI13TiE SIT CONTINUE T T T T Tt TTmrmTmTm e e e
483, 0313748 IFI0LLT.DZAY GO 70 938 o
684, t3137¢e6 TPLEPATR, B~ o5 o - T I T
485,  £314C18 G0 10 951
%86, 0314038 538 Pl=P0eOL7DIASTFAIE, [-1, JLT-POT ’ - T T ) T -
587, 0316128 GO 10 951
TT488. 770314128 T 939 CONTINLE T T T T e e ot
489, 0314148 JR=MA{K, 2) B Pl=POODR/DIASIPAIK, 2, 4R 1~PO) 5 P3=P1
T %%E.UUTINEZEE T BB 9ST T T T T e T
493, 0316248 $43 CONTINUE
49%, 0314268 SU=HRTK,WEL 1§ PI=PCeDU/DIRS(PATKYNAL, TUY-POY § 79 3=p1 — 7777 T i T
. 497. 0314408 G0 _T0 951
______ CTE R RE T S —_ — e - -
} 498, C114408 941 CCNTINUE
§99,.  £314418 77 77 REEKST B OMKHEMRIEW T - ) ST o e
e SOL. 0316438 DIN=DXA(KM) § BUN=BV(KM) $ VL=Y(XM,NKM) $ YY=¥{K.I}
$314538 BFIDL.LT.BZNI GC TC S~ ~ 77777 "o ommon T e memmm e -
€ LM PY NOY ON BORDER
0314568 ¥ ANSYY-BYa § JU=IF IX (Y AN/ DINT 2 28 JUSMa (KR NKnT N T
314658 CIFQJUeGE. JLY  Ju=Ji
C3i4718 TIB=SU0-1 & YDSTID-12e0TNeBYN & YUSYDeDENT o o - B
0344758 IF{M.EQ.JLD YU=YL
C315¢18 TPRe={YY-FOI FIVUSYDY T T T T T T e e e - Tt
3315048 (M o NEM 5 JO ) EPROSEPAT KM o NKMy JUI=PAT KM, NKM o &
e KH o JODPROFIPATKHNEN, JUIP-FAT KMo NKH _ I -
& FOR PL ON BOUND
517. 0315148 942 CONT INUE o o T - - - -
518 0315168 PL=PCODLADING {PAIKM NKN, JL =P LS
519. 0315298 543 CONJINUE T T T T e T T
e e . C FOR P3
520. t315268 IFTOR. LT. DZAY 6C TT 944 B o o - -
. 321, _Q2153CB P I=PALK, 254D
522, 0315338 GC T0 8517 o ) T o Tm o :
523, 315338  9%% CCNTINUE
T ¢ FORTPION BURDERT T T T T T T e T e -
(324, 03153%8 JR=MALK, 21



LUkDIS

52%.
526

527,
528,
530,
531.

532,
537.
538,
53%,
560 o
543
S%%a
545 .
566 o
547
548 o
549,
55@Q.
551 .
553,
£%4.,

555,
556
557,
558,
559,
560
262,
5630

564
565 .
5660
567,
568 .
569,
570,
571,

572
577
581

562,
5830
S584%,
58%.
5860
587
5880
589,

G315358
C315448

C315648
DESS-TR-EY
03153518
0315548

0315558
0215668
0315748
0315768
C31EC38
0316108
0316148
0316178
0316268
021Le268
€316278
€316308
6316378
0316408
0316520
€21e538

C316578
£316618
0316638
0316668
C3166€8
0316708
€316728
0316748

C3tv2is
€317268
¢3L7308
£317348
0317258
0317428
£3375¢8
0317528

0317558
0317648
0317728

C317748

0317778

€320¢78
€320138
320218
¢32¢29

0320308

€320318

<

Lo

53aka)

¢

1=
G4

POPROGRAM CURDE SLEAPUT CLTPLT ,PUNCHE =

FP3=POeDRACIAS[PAIR, 2, JRI~POY
GL TC 551
NM L

COMTINUE

CIREMALRP LY § JL=MAIKI-1d

FO

S48

G467

548

IFIOR LT .0ZA) GO TC S4b

IFIKEG.KBY GC TC 948
R P3 NOT ON BCRDER

YRSY {KPy 83 & BYN=BYIKP) & YV=VEK,0) $ vAA=YY-B¥N SDIN=DXALKP)
EF (Ko EGo KBY JR=PA(K,L0L )

Ju=IFLX{YAN/DIN b2

IF{IU.GE.JRY JuU=J4R

Jo=dU-1 5 ¥YO={JD-L0+DZnoBYN § YU=YOeDIN
IFlJU-EQJRD YL=YR

PRC=(YY~-YLo/(VYU~YE)

PI=PAIKP s LoD ¢PROTIPALIKP L s JUI-PAIKP Lo JDDD
GO To %49

CORTIRUE

IFIK.EQ.KBY GC YC %47

P3=POCDR/ DIAS(PALKP, 1y SR I~PC S

GEL TC 949

CIR=MEIK i L) S P3=PUCDRIDLAP(PA{K Il , JKI=PLD
GC Ta 949

PI=PALKTOL 5 40

FOR PL

949

950

951

.952,

953

953

Fo

FQ

COAT EIE

IFIDL. LY. DZA} GC TC 950

PL=PALKy I~ 00d 0

GC TQ 951

CONTINUE

JL=MAIK, E-1) 8 GO TG $38

CENTY NUE )

PNz [ TislPR/DLOPI/DRI T20{ PAIK, L . J21 ) /D
SPRIK, Lo J~1)/D2ZADI/ AT UB( 1o /DL ¢ho/DR VS T2%( ko /OA0 Lo /DLZAD]
CN=EPN-PAIK, [ o 4887 PR

IFEKNELKCY) GC TC $52

EQlo JI=EN

CORTIMLE .
IF(ABSIEND.GT.ERRD NEL=NECe1

PALKy Fo Jd=PACKs Io S DAL S IPN-P ALK L1403
CTNTL KUE

CONTINUE

R LAST ROW LAST BLLCK o -
NEAR{KE) $ AML=N-1 § 1GK=[GRIKBD $ NMG=N/ICK®l & RMN=NMG- ]
MLE=ML{KBD)~-1 & DZ=DX(KB) & DZA=OXA{RB) & BYV=BY (KB}
IFUIGRIKB).EQ.L) GD TO $7¢

R MG
DO Se¢. Jrzems
P=12 0P (N8, MMy 59 P (KB o WNG 3 56 TH0F (KB SHMG, G- 15T /4.
EN={PN~P [ KB o NBGo 8 0/ P v
IFCABSIEND .6 T.ERRD MECSAECHL
PUKByNMGo JI=P [KBo NMGs J DOAL SIPN-P (KB, NHGodD )

560 CLNTINUE

Fo

ST TCORTIADE

R 86

HAASMATKBND § KAL=MAA-L § HAZ=MAA=2 § YLSV(KBN-1)

sk

6L1



CLRDIS

593,

. 59%..

5535,
596
59T o
558,
599,

U 1 7

801«
62,
603.
%05 o
6C6o
607,
FYEN
610,
611

_elz.

613,

614
&5,
616,
617,
618,
619,
620.
621
622,
623
624,
625
626,
627,
628,
529,
630,
631,
632,

633,
634,
635,
636,
637,
638,
63%.
641,
6420
€43,
64% o
645 o
646,

64T

coPROGRAM CURDIS ¢ INPUT OUTPUT (PUNCRI®E T i PaGE 14
g32C378 DO 980 S52,MAZ
0320628 YP={i-100DIACBYY . _ . _— . o
£32¢458 IEIYL.LT.YP) GL TC 980
C3205¢8 PN 2, 3PA (KB gAML o )¢ PAIKB yNo UL ) ePAIKBo Ny J=1 )1/ % o
0320608 Ed= (PR-PAIKBoN, $) /PN
32048 CIF(ABSIEN) o GT.ERRY AEC=MECSL R .
0320718 PAIKBoNo JI=PAIRBoN, JICALI] PN-PAIKB NoJ) )
L 0320788 980 COWYIMUE e e e
¢ FOR PAIKB,N,MALD .
. 0321008 _YP=(MAL- 1 )¥DIACBYY e o I ~ . . e od
0321068 IFLYP.GT ,YLT GC TC 9950
0221068 D2:=DUIKB N $ Ti=D2+024
03ziiza Ph= DZGPAémﬂvNMRWNAlbIVR&DlAWﬁPa&KB N, PALYSDTA SPRAIKB, Mo MEZYED2 )Y
€321218 N No#ALL
0321368 PAIKBy M, MALI=PAIKE s N, MAL)OALPEE R
3121438 ENSEE/PN 3 IF(ABSTERD (6T JERRY NEC=NECe]
0321518 990 CCNTINUE R ~
0321518 EFTIGRIKBI.EC- 106 TO 10C0
£321338 __ _Th=DZ¢DZ4 e e e e — R -
C 7 FDR PEIKB N, L) - ’
0321558 PN=DZ/T 1% PAIKB, NML, L0 ¢ DZSCLA/ TL/TIS(PAIKB Ny 200P{ KB NMG ,MLME ¥DLA
/0L
0321748 PAIKBoN, LI=PAIKBoN, L 12AL I PN~PA(KB N, 1))
£222008° PIKBoNMGoFLLI=PATKRE, Ny 13
€322¢58 _ 1C00 CONTINUE - . L o
0322068 EAY=ET/ IE
322078 IF(HCDCLIT,NIPCI.AE.O) GC TC LOTQ
0322148 PRINT 320C,TIM-1TS
0322228 CALL PMAP
0322248 w=nR T KRC)
€322258 IEEXC NE o KB). M=k}
0322318 Do 1065 I=l N T - -
222338 MAA=MALKC 450
0322358 00 1065 J=l.MAA
0322408 FF(ABSIE(ToJ0V.GT cERRY PRINT 40640 foJsElEodd
€322568 1C6% FORMATIS [ oJeE¢205,1PELO.2)
0322568 1065 CONTINUE o . o
Cl22638  1CT0 CCNTInuE ’ o ’ T o ’ )
C222638 IFILIT.OT.00M) 6C IC 1080
0322658 IF(NEC.EQ .00 GO TO 1080
03226¢8 IF{B-ER.0.ANL.CPCLEC.00 GE TO 300
€ CaALL D FOR TAFEL, AFTER LCCSE CCRY
0322718 VL=l E~48( ERRS L. E~3)8¢ (1OCCBERR /RBM D
€322778 [FIRBM. LT. LOPTERY VCC=.Jl4ERR . -
0323058 IF(EAV.GT.YCC) GO 10 36C .
0323078 IFLITP.GT .9¢1000. SERR/RBASLE GO TO 1086
€323168 GG 10 300
0323148  1C80 CONTINUE
0323158 1P=0 $ ITC=ITCoL
€323168 CALL CURTAL
0323218 IFIMODELITC- 11, 200 EQ.C) PRINT 3178
£323318 IFEEPRTLEC.LD 6C TC $030
323328 IPRT=1
0323338 GC TO 300
323238  SCCO CCNTINLE
C DEYERMINE FACTORS FOR WEIGHTING
0323358 IF{CPC.EC.0.ANL.B.EQ.00 GO FO 315%

081



CURDES

648,
£45.
65Jd
651.
652,
©53,

654 o
655,
656,
657 .
6580
6590
660,
(I3
662,
663,

664 .
£65.
(2294
6T o
668,
6£9.
670,
671,
672,
673,
674
€73,
6760
677.
678.
67%.
6EC,
682 o
€83
684,

E85.
686.o
68T
688.
&89,
650 .
51,
692

693,
69% o
655,
696,
697,
658,
699,
700,

T0i.

0323378
€323418
0323433
03234¢8
€323478
0323518

0123528
0323528
£3235%58
0323568
(323618
0323668
0323738
C3237¢8
£323768
0324008

3324008
$324048
€324068
0326138
0324148
$3246208
0326258
G324348
£324348
0326348
032+358
0224358
0324368
6324418
0324428
0324458
C324478
0326578
0324608
324618

0324628
¢324718
0324778
€325¢38
€325C68
0325138
£325148
0325148

C325168
0325238
0325218
0225348
03256418
£325478
€325568

9323328

0325548

POPRUGKRAYM CURDISTUIRPLT CUTPUT ,PLNLII) S

IF(ALE.GT .2 9GL TO 30C
PIC=PTIKC ILY

CALL COUNFAC

CCC=10%ERR

IF(CPL .EQ-01 LT TC 3142
IFIFLLC.EC.0) GO TG 3135

€ FIND CCUMDINATES CF MAX CURMERT PCINT

3130
31335

COMAX=CD{ 1,1}
DC 2130 K=1,K8B
MML=NRIK) ~1
00 3130 l=)oNMi
FF{COCKy ToB 0 LT COPAX 3 GC TC 3130
COMAX=LOIK D¢}
CONT INUE
CCATINUE
DO 3is)l K=1,KB
N=NRIK)

€ CONCEATRATICA CVERPOTERTY oL

314}
3142

00 3hel I=1,H
CL=CLL/0LCIK, 12
IFEFLC.NEL C) CL=COPAXIFLL
TLC=CBIK, 3 /CL
EFITLC.GT o4 b THCm.999
COYIR I ==l PLEALUGIL~TLLY
CONT INUE

CONT IMUE

BRE=06

CRE=D

RBM=0

L=C

oD 3150 K=l K8

MMl =MRAKD ~1

IFER.EQ-KB) AMI=NR K]

BC 3150 i=),N&L
CDD=ABSICOIK I3} 8 IFICEC.LT.CB0Y  (0D=1.018COC
L=tel

=PALK, 1B
IFICOBEQ. D) GLTIL 3145

C TAFEL POLARIZATION

3145

PN=YCOEEALCGECTL/ COCI+CLY (K,y 18

BPESAB SL{ PN~PALK, 1 530 ) /BN

IF(BPE.CT .KBM) RBH=BPE

IFLPN.GT.YAD PA=VA

PALK T 0 d) =PALK,L ¢ JDoF PRIPN-PAIK, LoD
CBE=BPESTHE

60 TG 315¢C

CONTIRUE

C LINEAR PLLARIZAYIGN

3150

3185

‘C " STORE SOUNDARY PCTENT 1als

PN=YLo 5o BECDI K, [0 0CCYIK, 1D
BPE=ABSLIPN-PALKo o3} D/PM)
IF(PN.GT VAL BN=YA

PAQK oL o ) =PALKE o 3045 POCPN=PALK, L o4} )
CONT INUE ’
RBE=CBE/ L

CONTINUE

IFILITLGT.ILM) GO TO 3185

DD 3136 K=1,K8

wd)

181



CURDI S

702. 0325568 NMI=NR{KI-1 - a T e T
TC3. 0325378 IF (K. EQ.KBY AME=NRIK
€%, 0325628 DO 3156 [ =1,MRL
705, 032%64B JEMALK.ED e e e
76, 0325668 PTIR, I 0sPAIK, 15 dD
707, €325718 3156 CCNTINUE
708. 0325748 1F (8. EQ. 0. ANO. CPC EQ. 0T 68 TO 3158~ 7 o .
e € FOR TAFEL PCLAREZATICA B .
769. ¢325778 IFITDU.EQ. €. GG L 3157 w — -
710. 0326008 _ CLM=CLC/ (DLDIKC, IC D¢ L .E~30) . _
78 326048 wC =CPTI/TICUM~COTINE, 1€T 3%CONT Y (KT TCH~ ”
7i2. 0326118 IFIFLCoNEo O) WC=COM/YIKC,ICIOCPC/ (CDRAXIFLL~COMAX §
713. 0326238 WCT =CCneB 7 (v IKE, ae‘:mcmm VY T
114, €32630  _ ___ uN=wCoaCT_ e -
71%. €326318 wF= 1. 7{ 1.0WN)
6., 0326338 3157 CLAT {MUE o ) o
Ti7. 326348 TFINEC.NE. Q) 6L TE 3165
718. 0376358 IF{RBM.GT. 1000, eERR) GO TO 3165
719, ¢3dede IFLACE-GT.CCCY 6C TTU 3T65 - )
- 720, 0326378 3158 CONTINUE - - —
72i. 0326428 I IPOT MELO ) CaLl poap
¢ DETERMINE TIME STESS )
722, 0326458 CALL CURBALICET,CATAVE)
723, 0326478 IFICCOUL JEQ.0,) CCOW=CLToOT $ DT=LCOULACT
125, 032€548 - CCS=CCTeDT & CA5=CATE0T $ TCE=CLSOTEC & TCA=CaSeTLA
o o € CALC TOT COuLOMBS .
729. 0326628 PRINT 3159, CCT,CAT,CESoCASo TCCLTCA
730, 0326748 3159 FCRMATE/%* CATHCOE CURRENTGLPELS 5% ANCOE CUKKENTOIPE(S.5% (£Tk
+COUL L TSoIPEL5.5% 'AMNCDE COUL L TSelPELS5/% T TOTCATH CLGLsLPLLY.
+58  TLT ANGDE COUL®IPELS.5/0
73L. 326748 PRINT 316C,AVI
732. 0327008 3160 FORMAT(® AVG CURRENTSIPELS.5!
€ FOR %=1, =i AND K=K8, AND Is=m T
€ PRINT CONVERGENCE STATLS
733. Q327008 PRINT 316S.EAV,LETNEC o8 TC
T340 0327078 3169 FORMATI//® AVERAGE ERROR PER NODESLPEL0.3¢ - [ TEKATILNS®IS®  UNI (N
SWYERGED POINTSe15s% §TERATICNS IN CURRENT LCCPei5)
N . € CALC NEW POSITION GF BOUNDARY
735, €327¢78 BC 3161 K=l KB
136.  £327118 DZA=DXALK)
737. 0327118 NMD=MR (K J~ L
738, £327138 IF (Ko EQo KB) AL =ML oL
739.  ©3272¢8 00 316l I=lsNKL
160, 0327228 0D=0(K, 1} § PhEsATANICE) B APHI=ABSIPHI2? $ CSA=COS{APHI)
Ta4, 0327348 T=pFeCOIK, E0eDT
7%5. 0327378 ANEKo § 0= B~ L) eO2AL TS SINGPHID
746, (327458 YRUKo §0=Y (Ko [ 4-TCSA
767,  £327518 3161 CCNTINUE
768. 0327578 iF(KB.EQ. 1) GO 10 3163
) . _ € EQUATE CCCRDINATES OF LAST ROw TO FIRST ROW OF PReVICUS ELLLK
149, ¢3276C8 XBM=KB-1 ’ )
750. 0327618 00 3162 K=loKBM
750, £227¢38 KP=Kel § N=NR{KD
753. 0327658 ALK oN) =XNEKP Lo (N~L) SOXALKE § YAIKoAD=YRIKP: LY
755, 0327748 3162 CONTINUE
1960 €327158 3163 CCNTINUE
75%.  ©3277eB CALL SMOUTR
756. 330008 Yile1d=YNLs 1) § YIKB,NI=YN(KBNID

" PAGE
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CURBIS

3 PROGRAM CURDIE S{TIAPUT CUTPUT (PUNCHIwo

7606, 0330058 CALU DEP -
161 €3300¢€B CALL SETUP
T62. 0330106 CALL SPLN
163. 0330128 3165 CCNTINUE
¢ RESET CATHODE POTENTIAL T o
16k, _ 0330128 B0 3166 K=1.KB
165, 0330148 Nl =NR (K 3 ~1 i -
T66. 0330158 DO 3066 1=2,NKL
767. 0330298 BAA=MA(K, 1D
168. __ 0330228 _DC 3166 =l MAN
C FOR ANDDIC DISSDLLTION I o
. 769. 0330268 IFEPAIRe BodDolT o560 PAIKy BoJ3=PTIK, 1D
710, 3ie6 CCHMTINUE T -
778 00 3167 K=1,K8
772 NHI=RR(KD =1 -
.. 113e _IFiK.EQ, KBY
s, DO 3167 (=1, - o
o 173, 0330358 J=HALK, B S
176 €330578 IFIPTIR,T1.6T. Vil BTIK IV SoVas. T8VC — o B
177. _ 0330678 PALK, T }=PT UKy B
778, €330728 3167 CCniinNUE T o T
779. 0321008  PRINT 3168,L1 ToEAYLFMoCF ohF (CIFoFP RBE,CRIKC,ICToPT{KC, ICICOMLo L
T8V PTEL. LB, ACET - T T
- _ 780.  C3312¢8 3168 FORMAT(IS -12(1PELO.3D] o
781.  €33126B CTBO 3173 K1, %8 T T N
782. 0331308 IF(MODEITC, 200 .NHE.03 GG TO 3181
783, 0331368 PAINT 3LTCoK ) T T T -
_ 78%. 0331415 3170 FORMAT(® K®{S)
785, 6331418 o WERRTRS T T h
786. 0331428 PRINT 317L00CDEKaES oI = 8D
187 . GI3TIS68 ALY FORMAVYIIOTWPELILLEDY Tt T i -
188,  £331568 3173 CCATINUE
T8%. C3T160B TUUBRTNT 3R STE OHE el s wl T RN L RBN - - -
790, 0331728 3174 FORMAT(® ,CHI,CMANC,WCT o mN,RBMES] LPE 12,30 )
761 C331338 3175 FORMATIZ7+ TTER ~ "AVERAGE ~CORSIST™~ TURRENTT ~WAGNER™™ TIRRE.T
$ DAMPING BOUNDARY CDIKC,IC) BUUNDARY  CuUCllol) BOUNDARY BY ERA
) $GES 7 77U UBETENTTAL  UFACYOR T UUERRTRTTTTUFATTOR T T solT T
] $_ FACTCR ERRGR PCTENT 1AL PETENTIAL  CURKE
T T T T s e e e T T T gRRGRTT T T T FRCOTOR T T T -
s - . «_chnm §1g10 ERK
S ok
_... 792, 0331728 3181 CONTINUE e -
7S3. 0731728 IFI8.EQ.0.AND.CPC.EQ.0) GO TGO 3185 o
o 79%. 6331748 IF(RBM.GT.LOGL.BERR) GC TE 300
7%5. 0331768 TIFINEC R L0 AND KCELLT.LLTY B YO 3wy T T T
. 56.  _€332028 6C TC 300 e
797.  €332¢28° 3185 CONTINUE T
_.. . 7s8. 0332038 17S=17S ¢4
799, €232¢48 Tik=fiMeDT i
_.800. 633258 PRINT 3200,TIM,1TS e e e -
8Cl. 0332138 3200 FORMAT 1775, BT jME=»1PE15.5% SEC TIME STEF=%(15) -
_ 8C2. 6232138 IFIPU.EC.0) GC TG 3206
803. 0332148 PUNCH 3202,1 75,110, TCC
. BG&,  C332228 IFIITSEQ.UITRD PUNCR 3202, ITS,TIM. TCC
805, ©332328 3202 FURMAT(IS,2£15.5)
.. 806, 0332328 (b0 3206 K=i,KB )
£07. 033234 ML =NRTK Y~ 3 TF(KL.EQ.KBY AMI=nNMiol - h
809. 332418 PUNCH  23By0¥iKkeldol= LokMLD

£81



CLRDI S

610,

. Ell.

f &12-
813,
Elb.
1%,
B8l6 .
E T,
E18.
819
€20

COAFAC

1.

—_— e LB

0332548
0332568
£33:578
C332618
033271 s
€232718
0433308
0333008
£233¢28
0333028
€333Cs8

60CCo0s
beccoon

0000008
tceeces
€ocees
0000108
[ 143
000C218
00C0258
£0CCa28
0000418
cectass
2000528
£0Ccs78
BOLCESD
soccroe
0001026
0021C68

..gociiag

2cC1128
00C1148

32C4
32006

3250

3251

3300

_ L EBAS,0l2nuE 8f b SECEY)

$ePRCGRAR CURCES { INPUT o CUT PUT , PUNCH IS

LCONTINUE

CONT INUE

CALL CUuRMayp

PRINT 3250,LL,CCVIRCLICY

FORMAT (1M CURSLIPELS.9¢ CONC CVERPCTENTIALIPE 19, 51
IF(LET0T-10M) PREAT 3251, AV
FORMAT(® NO CONVo, AY ERROR ®IPELQ0.2)
FFALIT GT . ILM) GO YO 3300
IFQITS. LY. 1T®) GC TC 298

CONTENUE

END

B SUBROUT INE CONFAL®=

SLBROUTINE CONFAC

CLBMCN/ CONF/ERR, TER, P POER ROM o WF o LEY 1Mo 1 TC, 62,00 ,CFM,C1F, —

PA G

PAGE

13

i

SCELCMELHALFP
CCMMON/CURCOMIDXY{ 1, 101D, DYV E 1, 101 g ACE
0C=PTC~C2
CCF=DCHDCE § CFP=1.10%CFN § IF(CFMGT.
TEICCF.LT .00 CFln 650 FMIERR
_LF=L/1L25C0%ACE ol 00%ERE

SICEB=R .

IFIRBELT.ACO.PERR) [ IF=, 8%C IF

IFIRBM.LT 1000, 96RR) CIF=.69C IF 0ERR
FFQLIT.0T oo B0FLP) CIF=, 75%CIF0l.Emb
IFECEF.GTL.1/TER) CIF- 1/7TER
CHE=.00T*uF2{1+ SSCFH)

T1=.001211 ¢2000088E/ (1.E49ERRRBE) ]
Cul=T1sCHI § CHA=T1vCpA

TFACE AT CHID CIF=1,20CTF § IFIACE.GT.CHAL CIF=.5°CIFeERR
FP=CPCEmM*uFsCIFelE~4 ; . . e e

IFOFP . GT.WF ) FP=nFei.E-¢
_C2=PIC

£CZ=0C
RETURN $ END

%81



CURBAL

16,

21.

49,
5C.
51,

3000308

togeecs
£3cco08
ceeceos
002008
0000008
ceececy
5000008
£0C0013
CO0306 8

coccios
0000148
00C0318
00CC238

QUCT368
00CCS1B
€CeCszn
J0CC6IB

€Ceeee
J0CCT20
CClLT68
00C1Con
00C1028
£OC1078
00C1108
CCLiLse
038¢1163
3001238
©CC1258
0001338
tGo13zn
0001418
0001428

€0C1528
0001538

coeis4n
001618
0001648
00C 1668

.46 CONTIAUE

|80 CONTINUE

#3SUBROUT INE CURBALICCTCAT, Avidne PAGE 1

SLBRLUTINE CURBALECCT ,CAT 4V 1)

CALLULATE VHE TOTAL AMDOE AND  C(ATHUODE CURRENTS
CLAMON/BLDAT/BY(6) (DXI6) ;08161 sIGRI6) KB, ¥LI6) ,NAS (6 NRI6)
COMMCR/ CIRCEMICL (L, 101}

CLMMON/DATY /DEL,101)
COMMONFPOLS Ay B o (DD (CBNy YA, YC
COPPCN/YOIS/V (L ,101)oMATL, 10T}

CLMMOl PLLl, Z1, S1).PACL,101,1000,PT0L,2011
CCT=0, 8 CAT=0, 8 Al 0.

DC 50 K=1,KB

M=NRIKD 3 NMI=N-1 & OZA-DXAIKE $ IGK IGRIK)

CATHCUE INTERICR
DG 10 1=2,8¥1
_ARSCZA/COSEATANIECLK, 1) 0D 8 CC-COLK, TIPAR B AT=AT+ABSIAR)
TLCT=CCTHABSICC)

10 CONTINGE

CATREDE 1ST ANC LAST
AAL=,5%AR § AR=0ZA/CUSUATAN(DIK,20)) § CL1=.5%CDIK1D9AR
CCL:.5%LC
CLY=CCT¢ABSICCLIPARSECCL) — _— J— e — i e e
AT=AT¢ABSUAAL J¢ABS(ARD 8 AVI=CCI/AT

ANEDE
NBL=N/IGK
IF{IGKEQa L) hMl=N-1
DO 30 [=2.hPL
IFUI6K.EQ.LY 6C V0 20 . —
PME=PIK, Lo2 16 PHI=PIKy 193]

60 Yo 25

20 PML=PAIK,Eo2) & PM2=PALK, [, 3)

25 CORTINUE
CA ONE{pH2/2-20pH 121, S%yA)

. CAT+ABSECAD

30 CLNIXNUE
IF (IGK.EQ.L) GO 10 35 e L
Cal=,5%CONF(PIR,1,31/72= 2*ﬂdmvnwzvon SSHYAD
GO 10 40 o o o

35 CALl= 53CCATIPA(K, 1530/ 2-20PAIK, 1,20 01 .50VA)

CaL=,5%Ca
CAT=CAT+ABSICAL Ve aBS QC ALY
RETURA
END

681



CuRCAL oSUBROUTINE CURCAL®S PAGE 1

1. 0000008 SUBRCUT INE CURCAL
e __ 2, 000CCOB_ __ _ CCMMCN/BLOAT/BY(6) ,0%X(6 ) OXAL6), IGRE6D KB, ML (6)  NAST6I NRIED S e
‘; 3. 0002000 CCHMON/CURCOR/DRY( 1, 1010 oDYVILol L1 SACE
4. CCLLOOB CCMMON/CURDEA/CLI 1,101} } _
5.  C00000S CCMACN/DRIV/D(1,101)
&,  000000E CORFCAS PGLS B By (D0, LNy VA, ¥C . . o
7. cotccos COMMON/UPDIS/DUIL,100)
e B _ 000000B _ _ _CCHMON/YDIS/Y(1,101),MATL,001) i o i
5. ¢cccoas TCTRMMON P{ly 51, 511,PALL, 1001010 PV, 0000
10  00CG008 M=C & CET=0 ) . ; . o e
12. 0000018 OC 3120 K=1,K8 )
13.  €00CC3B N=HR{K) § NHL=N-] § DZA=OXACK) $_ NM2=N-2 . R _ o
C CALCULATE ALt Y-COMFONENTS
o _1F. €OCCIOB . neEsnML
18. 00CCLiB IF(KEQ.KBIRRH=RR1s 1
i 19, 0000le@ 0L 3120 1-=1,ANH o o . B} I
z0.  Ccbizom PR
21. _ 0000229 PC=PA(K,1,4=3) § P S . .
24, = §30034B YYSVIK, 1) 8 OR=C(K
¢ FIND Y-DISTANCE VARIA
27. 030008 FL=1PDeDIA }/DZA
8. Q0CC428 Ti=1+FD L e o L
39,  Q0EG4sB” $LR=1FO®( PO-P3Y /¥ 1-V1% (P1-F21/FB)I/DTA
30.  00CCS3B FL=PD/DZA e R . o
3.  00C0558 PC=PALKo T od-20 B PL=PAIK,§od~11 & $2=PAIK,s 1540
3%,  00C0¥2B __ Tl=}.eFD
35, . COCCT4B PZX=(FDo(PO-P217T1-T10(PI-PZ1/EBI/DIA
€ IGNORE 2ND LAST COLUBN IF JCC CLCSE TO SURFACE MODE e e o
36, 00€1038 DYY=P2X § 1F(FDLT.0.2] DVY=P IR
] € CGMPUTE X-DERIVATIVE e e o _ .
38, 0001124 TFIABSTOR -6, 1.6~ 2T GO TG 2C28
) € _FOR FLAT SURFACE
39, OGCT14B DYX=0.
40,  DQOLLSH GC Y0 3100

41, TCriisag” =~ 220 CONTINOE ~ e i Tt ) -
€ CrECK DIRECTION OF ASCENT

42, Q0C11eB T KP=K-178 KP=Ke1 o o - - ’ - .
4%, OOCILTB___ _ IF({DR.LV.0) GO UL 2030
€ FGR +DR
45. cCCi22s ii=@ei $ P2=fe2 U P
47, 0001248 T 607 Y0 2040 ”
. 48, _ 00C1248 2030 CCAVINUE e B o o e
%9, To0T1268 11=i-1 s T2=i-2
51, _ 00C1308 2040 CCNVINUE
52. 0001318 TF{TI2.L7.N).AND.(12.GT-001 €O 70 3010
- i e © _FOR _ZND ROW 1ST RL, 2MD LAST RCh LAST 8L —
83, TBOCi34E TFIIK.EQ. TI.AND. 11.€g.2)T 60 10 2050
. 54, 0001438 JF((X.EQ.KBJ AND.(I.EQ.NMI)) GO TQ 2650 o L
§5. T 0001ISLB IFIIK.EQ.RKBY . ANT. (1. EQ.NM20) GO 10 3010 -
56, 0001608 G0 1D 2060

€ USE IMAGE POINTS FCR 2ND OR IND LASY ROWS, OERIVAVIVE LT O, GV O RESP
57 Q0ClelB  2C5Q 2=

58, 0001618 [T T TE ) - T - ‘h“
. %9, 0001618 2060 CCAVIRUE —
T 1% -
0. 0001638 IF{I.NE.1) GO TO 2070

&lo GOC1€48 KB={H § IL=RRIKK)~1 § I2=ii~1

981



T curcar

T$2SUBROUT INE CURCALDS

PAGE 2
6%,  0JC1708 TeCT0 3020
65 QO00170R 2070 CONTINUE
C 2MD ROk, DR LT O, CR 2ND LAST OF GV O
&G,  0QOCAT2B  KK=KP $ IF{I.EQ.2)HK=KE e
68, 00CLT78 DZN=DXACKK) 8 BYN=BYV(KK) § VAN=YY-BYN 6 T=YAN/DIN
12, 00C206B LSL=IFIREYIOL § INB=NRENRI-1 e
74. 0002108 IF{I.EQ.NHI) TNB=2
s 00L2148 IFQI.EQNKD) I NB=]
76, COC217B MAT=MAI KK, INB D=1
. 17, _ 0002218 _ IFIYY.GI.YEKK, IAB)) GO _¥Q 3085 e _
78, 0002268 = gLl
79, _00Q2278 C YLN=(JL-1)%DIN § PDN=VAR-VLN R e e
81, 602338 0=  DINCDUIKK,EhED
83, QCC 2358 IFJIHNE(MALeLD) TD=2.8DIN
83, 00C2418B YPX=02ZN¢PON
£5, cee2428 . PX2= PONT(YPA-YDI*PAIKK, IhE, JL~1 07 (CINSTE)S YPR2{YPX-TD)® e _
® PAIKKoINBoJL) /{DIN®*(DIN-TOD 1¢ YPX% (YPX-DINISPACKK, INE, JH)/
e L% iT0Re(Y0-02ZNYY - - S
85.  GOC2718 L=2 § KK=KP § IF(1+EGo2oCRol.EGs A2 IKK=K
C GENCRAL CASE FOR ThE X~COMPONENT OF CURRENT
€8, cceacis GG 10 3030
89, 00C301R 3010 K&=K . - e e -
98, 00¢3028 DZN=0XATKK)
_ . .Sl, _COC2048 _ _IF(I.EQ.1) 6O IC 2020 e e e
%2, 0003068 YIloY K, I-1190.6~8 & YRR=V(K,1¢1)0L.E-8
S&. 0003128  _ BEOIVY.LT.YLLD. OR.(YY.LF.YRR)S GC TC 3020
€ FOR CEEP RECESS
o $5, CCC316B _ _ DyX=0. N . e . .
GO fo 3100
. 3020 L=1 o . e e
T DZN=DXATKKE
99, 0093228 3033 Ik=11
188, COC3238 TF{kK,EC.K) GO TC 3340
o 101, = 0002268  _  IFlI.EQ.NMI.AND. K.NE.KB) IN=1 o o e
182, = 00C334R 3040 CONTINUE
103, 0003348 _ BYKN=BY({KK) $ YAM=YY-BYN $ DIN=DXA(KK) $ T=YAN/DIN . — o o e
107, a0c3éiE TisTFIRITIel § Rd1=Malwi, TRT -1
169, 0CC3468  __ _ _JdnsJiel :
118, 0003278 TFlYV.GT V(KK,INsD GO T0 3095
_ 113, 0003548 YLMN-{JL-1300IN § PDN- YAN-¥LN e e _ e
113, 00C 3608 TD=" " DIN¢DUIRK,IR)
— il6, 00C2638 = IFEJH.ME.(MALe1D) TO=2.%07M et e e e - e e e e e
iis, COC3¢68 YPX=0ZhePDN
1i6. _0OC36TB IF(DUIR ID¢1.E~%.GT.DZA) GO TC 3050
117. DOC3738 IFIABS(DR) -GT..70 GO ¥Q 2105
— 118, Q03738 3050 CONTINUE e U -
ii9, 0dOz7es’ PRs  PONF(YPH-TOTSPATKK IR L Ji-11/7THZARTD & VPXF{VPK-TD IS
_ * PAIKK, IN o JL )/ (DINS(DIN-TD) ) YPXO(VPR-DIN) 9P AIKKIN oJHY/ . B . } B )
& (TDETT0-DINGY ]
120, 0004258 iFEL.EQ. 2} GO Y0 3072 e
iz, 0CC4278 PX1=PX & IN=i2
el ... 223, 00C4328 IF(L-EQ.3} GC TO 2090 [ — e e e e e e e [
126, 000«348 L=2
—_— 12g,  £CL4358 GC 10 394G S P [ _ o
126, 09€%358 3070 CONTINUE
129, _CoCs3?8 1 Pu2=ex
T T COMPUTE THE W~CCMPCRENT OF CURRENT
28, 00C4378 UYR=(PX2/ 2.2 4F51¢1, 54P2 /DIN

L81



Teurcar SISUBROUT INE CURCALSS T T page | 3

129. 0004458 IFECYN.GT .00 Ova={P2-PX1)/DIN
130 Q04508 GC IO 3100
€ FOR UNEQUAL SPACING
131, BOC%508 3090 COMTINUE

132, BOCS518 BY=DIA/DIN
. ._133. _ 004528 Ti=1,087

134, {04548 OYX={BUS(PX2~P2I/TLI-F L% (PAL~F2}/BY /02N
133,  00Ce63B IFIDYX.GT.0) DYA=(P2-PX1D)/DIN
126, C0C%678 GC 10 3100

o 137,  00CS678 3095 Dyx=0, e _
138. 0004708 G0 10 3100
139, 00C4708  31C5 CONTINUE e
140.  0G0&728 HAA=HA(K, 11 § WAI=RAA-L
142, 00C6748 LF (DU EKKo JNY 08 E~% .GT .DZA) GO ¥Q_3107
143, €0C5028 TF{MATKK, TN} EQ.PAA) GO §0 350

L 16%. 0005028 3107 COCNVIMIE o S
155, 7 G0C5C78 IF(DR.GT.0) 6C 1€ 3110

} 146, 0005108 Mi=i-1 $ N2=I-2 $ N3={-3 5 N N N
1%%,  06C5138 GO T8 3112
15Q. 00C5138 2110 CONTINUE
151. 0005158 Mi=1¢1 § N2=[22 § W3=1¢3

. __1%54. _ 00CS208 2112 CONVINUE e . . e
155, 0005218 TF{N3 .G -NK1] GO 10 3050

_ 156, C0C5238 IF{NL 0T 00 GE ¥C 3050 e e
157 . 00085258 DUAH=EPAIRK N2, MARY 7 2-20PATK N2 MAA) 0L SEPAIK ML o MAAY I/ DI
158, 0005618 DEL=(PAIK, N2, HALD/2-29P H{K, N1, MAL) ¢ ], 50PAIK, [,MAL})/DIA
159, O0C5558 PRO=DUIK-E)/DZA $ OVYX=(L~FROISOXLEPRO®DXH

. __ 161,  00CS62B __ 3100 CONTINUE . — — . S
162, CCL564B Weilol

e .. 183, 0005658 DXAVIK,1}=OVX § DYWIK.I)=DWY . . -
165, 00C5678 3120 CONTIMSE

C__CCMPLIE JOTAL CD

166,  DOC5768 00 3131 K=1,€8

_ 187, COCSTTH NRLSMRE®I- R _ e
168, 006008 TFIR.EQ.KB) NAL=AFIe]

o 165, 00060%8 __ _ DC 3131 §s 1y A} i i i e
i2¢.77 CoCECEB GO=0{K,11 § AB=ABSI00}
172, 0006118 APHE=ATANIAD) $ CSA=COSIAPHED
17%. 0006178 DYK=DXW(K,1) & LYY=DYVIK, 1}

. 176.  00C622B _ Ch=CONS{DYYSCSAeDVXESIMNIAPHI)) e e
177, 0004318 IFICN.GT.03 PRINT Z124,K, 1,PT(Ky 11, CH

_ 178, QO0L43B 3124 FCRMAT(S Kol ,PVAKoI), CN$2US,200P€15,83) . .
179, 00C643B IF(CN.GT.00 CN=,99CDIK, 1) § CA=ABSICN)
181,  00(6508 RCE=(CN-COEXy 1)/ ICN®1E~8) § REC=ABSIRCE)D
183,  OBCE358 COIK, 11=CN

. . AB% 0006368 . _CEVSCETSREC . _ . . .. ) . e
185, ~00C6578 3130 CONTIMUE
186, 0006630 ACE=CET/H

[ RETURN $ ERD
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CURMAP ¥ SLBROUTEINE CURpAPR® PAGE 1

1. 000C00B SUBRGUT INE CURMAP
..... 2. QOCDOOB  _ DIMENSICN CLw(1,1CHy . — [
3, 0000008 COBPCA/BCFG/XNT L, LOT), YR 1, 101)
4, CCCCO0B COPPON/BLEAT/BY6) 10X 160, CXAT6D , IGRIG D, KB ML 6D NAS (6D, NRIG)
5. 0300008 CCMMON/ CURCOM /0XYI1,101) .0YY 11,1010 ,4CE
6. 0000008 COFMER/ CONC/COY _
7. ¢000C08 CCMMCASCURDER/CELD 4101)
. ... .8, p00COOB L CCMMONSDR YL bg B0 e e
s,  cCCroos CUPFCR/YBIS/VILol 0L ) o ¥ATL 401
10,  00C000B COMMON Pil, 51, 51),PA(L1,101 ,001),PT11,101), N
11.  ©0GCO08 X:0,
12.  Qgoccon DG 324C K=1,KB ) . B e
13, 0000038 XB=x
— 14,  €CCCO38  PRINT 3210, K,BY(K) - -
15, 0000L&B 3210 FORMAT{/2X, *BLCCK®E3/2K, *BY=5F5,2)
16, Q0CCL%B PRINT 3220 R Y P e e e e e I e
17. OO0GI7B 2220 FORMAT(® RCw &G k~CooRe y-LLCRD NEW X NEW ¥
$ DERIVATIVE = CURRENT X-COMPONEMY Y-COMPCAENT  BOUNDARY®/ I ST,
$ » P15 cri (CH) CODRDINATE COOROINATE
[ S 1. V4. 111 . __PGTENT 18L=)
16, T pboooirs W h=OXA(KY
15 goLizon N=NR{KY o e - N e e e
26. odotoiie DO 3240 I=1,N
2l £oLcass L KEQI-LIBBZARKE e - e e e
22. pocc2Te PRINT 323000 oMATKo I ) o R WIR I o XN K, 1), YRR, 1D, 00K, 17, C0(K, 13, BXVIK

3 E),0YVIX, D), PTEK 1D, COYIK, )
23, T COU(648 3230 FCRMATIZIS,9UIPEL2.%),0PF6.30
24.  0DCO64S 3240 CONTINGE |
25,  00CCTIR RETURN ¢ END
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DEP T SUBROUTINE DEFS® PAGE 1

1. 3006008 SUBROUTINE DEP
2. COCLOOB DIMENSION ALE1C1) ANEIOL) pCUL0L)  DN81,101),000101)
3. 0000008 COMMOM/BLDAT/BY (6 ), OX(bb, DXAI6), TGRIG) KB, MLAG) NASI6] (NRIG S
o &, _ LOCCOUB CEMMON/YDISIY (1,0010,8881,100)
5.7 000000B CORMON/BCHG /XN 1, 108) , ¥Rl 4,1 €10
6. _00BO00B DO 110 K=1,KB
7. 0QC3738 N=NRIK] & ARL=N-1 & K¥=K-1 § KP=Ksl $ DIA=DXA{KJ
12. 0010008 14=0 ¢ IA=1 & IB=N
T FIND 1ST PT TG LEFT CF LHS OR USE VKM, NRIKMI)
15, 0010038 ______ IFEEM{Ke1).0E.0.) GO 10 10
16, 0710068 HP=hROKED
g ASE Y-PIS CALCD FRLCH PREVIOYS BLOCKS
iv. ~ 0016078 HI=DXAIKH) § HIP=XN(K2)
19. 0010138 ALGLI=HIP/(RIOHIP) § AMLY =1 .~AL (1)
21, 0010168 CO11=3.%RLI1)%{ U KN NR)~Y (KM NH-15 )/ HJ 3, 2ARTT 1% (YHIKo2 )~V (KM, WM D
#)/0IP
22, ‘poitsze GL 10 30
23, _001C328 10 CONTINUE , ) o
2%, 5010348 1FIK, EQ.17 6C 10 20
C  WHEW 1ST PT _In BLOCK YO LEFY
735, 6010358 NA=NR(KH] § RML= (04 ~10ODKA(KM)~XN{ KH, NH— 17
2T, 00LC438 HJ=XNIK,L)eXML 6 HJIP=XNIK.Z)-XNIK,L) ] L e
29, 00L04TH ALTII=HJB/THIeHIPT & AMI1)=1.~AL( 1]
31, £O01CS2B  C{L1=3.9ALB10elVRIN, B D-YNIKHNM-1D1/HIe 3 0AMIL IS YNIK,2)-¥NEK,1]) o e .
R ¥ T
32. 0010568 GC 70 39
33, C01C66B 70 CCNTINUE
. 3%. _00LGTOB 18=2 § ONGKp1d=Co . _ o
326, COLCTLB 30 CCRTINUE
. C_ ChECK IF LASY PY IMN SAME BLOCK 2 e
37, GOICTIE AR=(N-11%0Zh § XK= XM(KoN) & NI=N
_ 40, 0011008 IFIXM.GE.XR) GG YG 50
€ TUSE PIS FROM KP BLLLK NOw IN KIH BLOCK
&1, Q011038 DT 40 I4~1,5 o N o e
%3, co11048 Hi=ANTKP, ILOLIOXR & MY=Ro il
4%, Q0LIIOB  XMIK,NTI=XM $ YNIK,NTISYNIKP,ILe1) ~ } e -
%6.  COLILTB IF{XH.GE.XR) GU TC 50
4T,  GOL1LTB 40_CONTINUE
%8, 0011248 CBLL ABORT

%%, _COR1268 50 CORTINUE
¢ TALL INTERIOR CONSTS

30, 0011268 ALL=NT~1 § HJ=XNIK.2)-XM{Ko1} o o ) e
520 Qori2Ls D0 60 I=2,MNLL
530 0011348 HIP=XN (K, Eo+ L0~ RN{Kp 13 § ALCID-HIP/{HIOHIPD & ARAID=l.-ALLED
560 011428 CLEI=3  FALT I B VRIKo [ T~V NIK, I-139/7HI 3 FAM] IISIYN{K, [ LD-YNLK, (3}
EIHIP
57 0011548 Hu=HJIP
. _.58. 0011558 68 CONVINUE S U L
59, Q011568 1IF(R.EQ.KBY 6O TO 70
€ FOR RH PT o o
606 0311608 HI=XNCK NI~ XNIK KL 1) & HIP=EN{KPoILe2)-ANIK T )oUR
.. 62, 0011728 ALINTISHJPSUHJePJP) B AM{NT )= l.~AL{NT) S
[ 0011768 CINTI =3 2 ALINTIFT YR IK NI YR IR NIV I/ 0383 S 0AP INT S 3 TYNIRB TL e2 0~ i
L RMEKGNTVYARMR T
€5, CCL2L50 IB=NY
660 0012168 GG 70 80

67 0012168 TO COMTINUE




CEF

+8SUBROUT INE DEP®»

PAGE

2
6E, ccl2208 IB=N-1 § DA(KB,R}=0.
10, _ ©J12238 80 CONTINUE
71, 0012248 CALL TCMET (18, 1B, AL, AN, C, 0D}
) 72, 0012268 DO 85 I=1A.18 __ e I B R
73, 0212308 85 DNUK,I)=0D11)
C INTERPULATE TQ PREVICUS X-GRID . .
6. 0012348 11=2
_7S. _ 0012358 DL 105 - 2,AM] —
76, C012378 XP={I~-10%CZ4
77, 0012418 DC 90 _ET=i1,MT R - I - —
8. (012448 KJ=XNIK,IT)
79, 0012468 IF{XJ.67.XP) GO 10 100 - _ S
£G.  006j2478 90 TN ThuE
e Blo  0012¢4B  1C0 CCATIAUE
82. 0012558 11=0T 6 IM=17—~1 5 RJW=XN{KoiP)
85, 0012618 H=Xh ik, ITI-XNIKy [M) § BHS=HJ oML § HC=HJIOHS e S
88 0012668 T1=xJ-%P & V2=xP-XJM
90, 0012728 L VAR )= ON(K,IMISTISTI®T2/HS ~ON(K LUD*T28F2% V1 /HS VAR, IMP*TAeTL e e e e
) " 5 (2, ¢ T2eHII7HE eYRIK, 1T 72072002, 9T1 0031/ HT
Sl.__ 0012178 165 _CCATINUE
¢ EQUATE VIKP,1) 10 VIK,N)
. S2. 0013218 IFIK.EQ.KB) GO YO %0 —_ — [ ——
83, 6013238 YKol o L) =Y (K, ND
- 9%, 0013258 130 CCONTINUE e e e - S
35, 0003318 RETURN
30 Q012238 EWD
CECH #0SLBROUT INE GEC W% PAGE i
is £€GCCCos SLBROUTINE GECK
2. 0000028 - COMMON/BLDAT/BYIE) ;0X( 6D, DN 163, IGRI6) NB, WL [6) ,NAS (6D, MRIGD
3. coccoes CUMMEN/RDIS/RS
R %e  £OCCO08B | COMMON/YDIS/V(1,1CLY.MAY,308 . e e PO,
¢ DEFINE PROBLEN GECMETRY
. 5.  LOCOODB . PI=3,1%13926 _ . e e e e S
6. DOOCOOB DZA=DXA(1)
To 0300028 _ Ne hRILD
8. COCCO3B DO 200 §=1,%
e %2 0000068 C T1=RIe(1-10%DZA — N
1, 0000118 Yii:80=3.¢.20%CC5(T1)
N ... 1li. oo000L7B 200 convumug_ e .
2. topcazs RETLRN & ENT

161



SESUBROUTINE GFAC (HR XUsXL 8L 3S,48088

PAGE

1

i. tootoos SLBAGUTINE GFAL Rz AU XL, LLy 855487
€ DETN DISTANCE FROX NODES MEAR SLOFACE WHERE MO ADJACENT NODE EXISTS
3, 566C008 DIMENSION XB{1o 50190 XUL 1o 101 DoALE1, 1030oLLAGI, 158 By 161358 12013
3, __000Q00B COMMON/BLOAT/BYI6) 0XI6),DXA(S) , IGRIGY, KB, 6 (65, N5 (b b,NR16)D
4. 0600008 COMMON/DR T6/00 151010
5. _ 00COUB CTMNONSUPDISIDULL 101
6.  COCGO0B COMMON/YDT5/7(1,101) (MALL,801)
€ _CCHPUTE DISTANCE TO BORDER PIS
7. 0000008 DO 110 K=l KB
8, £000028 H=RR 1) $ KM=W-1 $ BYV=BY(K) 5 CIA=CHAGK] B £=0 § DXX=DIA
14,  G0CG10E WRI=N-1
1S. 0000128 IF{K.EG.KB) MMlshMLel
16.  GGGC1TB DT 100 I=1,RA1
17. 0000218 MAB=HALK, 1) § MAN=NAA-1 §_ ZL=DIA & IR=DIA
Zl,  G0C(268 DO 90 JJ=l  HAN
22. _00CC228 L=
23, 0000328 J=BAR=- 13
24, COCC34B YP=BYYe{ S~L)4OZA 5 VY=V (K1)
26, 6000428 TF{{K.EQ.KBIANC.(1.EG.N)) 60 10 10
27, 0000518 YReY (Ko I01)
28, €0(€538 IF{(K.E0.10.ANC.(I.EC.000 GO 10 70
29. 0000618 IF{1.EQ.1} 60 10 20
T ®=KB, 1= h#l
30. __ GOLC61B 10 COMTINUE
31, 0000648 Yi=Y (K, [-10
32. _000CSSB 6C 10 30
C K NE 1, I=i
. 33, 000C668 20 WHN=NRIKSI~1
34, T €OCCI0B VL=V { KM, NN
35, 00C0728 30_CONT INUE
€ CFECK LWS
36, £O00748 IFIVLLT.YPY GG 10 40
37. 00CCT6H €0 10 70
.28, 0QCCI6B 40 CCATINUE
39, 00CCT7B L=LNeL
L € SAVE COORD OF BORDER PES
%6, ¢tficoB TSTK,L3=1 & JS(KeLI=J
42, 0001058 BO=D1K,1)
%3, 0001068 [F{1.EG.L7 GC 10 50
4%, 0CC1108 ON=DEKeI~1)
%5. 0001128 60 10 60
&€, £0D112B 58 CONTINUE
%7. 0001148 DW=01 KH,NHRT $ DRA=DXALIKAD
. 49, 0001178 60 _CCNTENUE
50.  GOC1216 CALL INVSPLIDKE,CP,B0,¥L, V¥, VFsXN T
51.___ 0001238 ZL=ABSTXX)
€2, TCCC1248 T3 CCNTINUE
53, 0001258 __AX=0,
54, 301258 IF{IK.EC.KBY.ANC ., (1. FQ.N) 16O 10 &5
€ CHECK RHS
$5. 0001348 IFIYR.LT.YP) GO 10 80
L o C __STOP CHECKING wHEN NU SORDER PI_FOUND .
86, (061368 GG 70 85
57.___ 0001378 80 _Lsipel
58,  00C1408 1SIK,LI=] § JSUH,L)=4 & DP=0(K,1) & DO=CIK, 141}
62,  00C1508 CALL INVSPL {DZA,DM,0D YV YR (VP o AR}
63. 0001538 B5 IF 1L.EQ.LN] G0 TO 100
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ING SPL “GSLBROUTINE INYSFLIDZAOMoUL o ¥MaYY 0¥ o) %0 PAGE
1. noooocs SUBROUT INE INVYSPLIDZAON, 00, VMo YV, VB X}
C IMVERSE INTERPOLAVE L3ING CUBIC SPLINE
€ INITIAL ESTIMATE
e Fe. BCCLEOB . HE DIA P HSETHEH B WCeHSBPS § L=D $ Exl.E- ~62024 § T=-B2A e -
8. 0000068 PRO={ YH-YB} F{ YH-VY}
. .9, _bgociza  X=(PRO-F.jOM I — _ o
16, ~ 0000148 10 CCWTINUE
11, 0600158 o L=Lel $ xS=xex § NCs XSeX
14, 0008CL78 Fh= DPBEXC-TOKS)/HS ¢DD* (N C~2 OXSHT ¢ XFHS I /HSo VMBI 2 FHC— 2., 5T OXSOHT XS
B, S)IHAC YR XS~ 2 TR ULHS P ¥ (H=2, B X} FHC~ VB ) e e _
15. 0000538 IFIABSIFXT.LTLED GO TC 40
e 16, 0000568 if(L.6T.200 6¢ %0 20 I — . J
€ SOLVYE BY NEWIONS METHOD o
17, cocesya UY=0Ms (3, oX5-2, BTINIIHS ¢DOBLI, PRS- 2T EHEHS J/HS CYMOLEHNE~ 4, ¢TF
CXE2, HFX) FHC o VYBR[ {~ XS0 2. S TEX-HS 12+ (H-28X DS (29 X~2#T ) I}/ HC
oo . ABe  QOOGRLITS 0 X=M-FXgOY e e —— et e e
is. cocizas GO Y0 10
— _ 20, 0001228 20 CONTINUE _ - e e
21. €6C1238 PRIKT 300K oFR Y B oYY (Y BoDP, DO, Vo D2AGL
22, 0001408 30 FORMAT (& x FX _YM _YY YB DK DD BY DZ& L w/
#9 (1PE1D.20y 5]
- 23, 00C1408 CALL ABORT I e e e e o e s e e e e
Z¢,  00C1428 4G CONT INUE
2%, 00C1428 RETLRN B I e - RS e e e -
26, 00Ci44B ERD
PMAP *2SLBROUTINE PRAPES PAGE i
1. ceeceos SLEROUTINE PRAP
2 0000008 COMMON/BLDAT/BY(6) DX(6) »OXA[6), IGREGD KBy ML (6) (NASIE)NR(G) -
3,  000000B COMMON/YDEIS/VQL, 1010, MA(L, ww
4.~ GOCCOUB. . COMMON P(ly S1p 511PAULo10L,00R0,PT(4,00]) U — -
S. 0000008 DG 1050 K=1,KB
- 6. 0000028 PRINY 1020, e e e U e
7. COCOOTB 1020 FORMAT(//% BLODCK®I3)
. 8. __0oDCOTB__ . NENRIKD $ IGK=FGRIK) § MLL=ML(K) § AM)sh-} o
12, 00CCL4B IF{XK.EG. KB} MML=REIel
13,  0CCCz208 AFUIGK.EQ.10 GG IC 1026 | L U, S - [
14,  000C218 FRINT 1021
. L _ C PRINT MG [ - . - - - - -
15, 0000258 1021 FORMAY (ICK#®MAIN GRID PGTENTIALSY)
_ . ... Q000258 . 925 I=1,NMLIGK — R,
17.  Q0C(308 16K+ 1
18. 000328 PRINY 10220418 . e . y - o - - -
15, CCCC41B 1022 FORMAT(® EW AG/PGE213)
- .20,  000041B _PRINT 10490,6P8KyIM,d) 4=l o RRE : _ I o -
2. 0008568 1025 COWTIMUE
e o B20 COCLOLB 1026 CONTINUE — —— - e
¢ PRINT INVTERMEDIATE RESLLIS FOR AG
23. COCCs1n PRINT 1028 . B ) o o
2%, 0000658  1C28 FORMAT (/%AUx GRID POTENTEALSH) .
25. Q000648 BT 1050 I=1, MM} . o L o ) L L N L
26, 00CC66B TPRINT 103G,!
e 2T.  00QCT38B 1030 FORMAT(® ROW®I3) - S, .
28, cocerIs MAA=RAL Ko 11
. 29,  000C758 PRINT 1040, (PAK T ,0) 5 d=1,8A8) e e e - [, e
30, O0CLi48 1060 FCRPAT(2X,1001PE12.4))
31, 00C1148 1050 COMVINUE e e e e
32. 0G0C121s RETURN $ END
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SETUP *aSUBROUT INE SETUPOS PAGE i
1. 0800008 SLBROUT InE SETU
_ € CCNSIRLLTY AUXIL]ARY AMD PAIR GRIDS
3. T £oC0008 CORMON/BLDAT/BYI6) DXI6) DXAL6) ,IGRIGY ; KB, BLI6) s NAS (67, NRIB D
R 000008 COMMCN/UPEIS/CUI Ly 101 ) e e et et e et e e e e e _— R
4.  COQCUOR CCHHON/YDLS/Y (1 vE0LD oMA (L, 1610
C CEFINE AUXILIARY (FINED GRIO . [ . - e
5. €GCCO0B T1=.005%0XA{1)
e B 000CORE 0 00 120 K=1,KB
7o 0300048 DI=CRIKY $ DZA=CXAIK) § N=NRIK}
10,  CODCCTB T={DZeTL} /024 % JGRIKI=IFIX(T) & IGKR=IGRIKD $ YisViK,31} S - - S
€ FIND LOWEST PT IN BLOCK
14, cocciss L IFGIGK.EQ.1) GC TG 110, U UV e e e e e
i5. 0000208 0G 100 1=2,N
... le. 00C023B_ . YY¥=Y{X, 1}
17. 0000258 UF(VY LT ¥YIR,E-103 ¥L=vY
; 18, 0000328 1CO COWTINUE e e e JU e e
19,  c0ec3en T={vLeTI-NAS(KioC 21/ EL
. 20. coccals L S I U S
C CHECK THAT LOWER BCUNC ABGVE BASE
e 2le _ COCL4ZB 0 IE(MUEK).LT.1) BeERI=] - I
22, 000C%s8 68 0 115
23, 0000468 110 CORTIMUE R e L e U o _ _ -
24. T 00Ct4TB MLEKD =1
25, 0000478 113 CONTENGE e P e e e S o e
2e¢.  COCC518 11=0 § NMI=N-18PLI=HL{K) $074=0xaTK}
. 30, _0U0036B  __ _BYIKIS{MLL-11%DZ $ BYY=BYIK) .
32,7 70000618 TF{K.EQ.KBI AMi=N
. C DEFIME MAX AG PY B e e e e e e e
33.  000C658 DG 120 1:11,KhM1
- 34, CC(CBTB Y¥=Y{K,1) . ) o o e ; o o .
35,  0OCCTiB MALK, [)=IFIx((vVv-BYV) /DZAI2
o o..26e 00COTEB  DUEK, FY=¥Y-BYY-IMA(K, [)-200074 R JO—
37,7 ccticos TF(DUIK,11.GT.T0) GG IC 120
38. J0CL048 . MAIK, 11=MAIK, 101 & DU(K,1)=0CZA - — e e i e+ e e e
4C.  CCCICTS 120 CCRTINUE
41,  €OCilse RETURN ) i 3 - e
42,  00C1LTE END
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-

1l
12.
14,
15,
16,
17
18,
20,
22,
23,
24,

25,
26+
29
2C,

31,

33,

34,
3e,
38,
40,

41,
425
43,

LEPA

45
46,

47,
48,
49,
50.
51.
52.
53.
54,

Goocoon

30008
3000008
CGCC008
0000208
[feetetelb ity

0006268

30C €328
S00E35H
CCLe368
00C€as5n
000647 R
CoCesis
C00ES3B
0008568
00(6628
0036768
ccrenis

0006778
cocions
33C7048
CCLIC4B

36LT058
CCercss

037068
CCLT10B
30C7158
cccTa1e

8O0CT358
COuC7368
oacI3T8

CCCT4LB

0CCT4 38
COCT478

3007528
£aLT538

00CI556

0097578
£CCI578
J3C 7638
00CT640
COC 1668

T CALT CINSTS FOR INTERIOR

T SLBREUUTINE SPLA®D

SUBRUUT 14E $PLN
C ODETERMINE THE ODERIVATIVES AT THE SURFACE ACDES wifh THE CUBIC SPLINE
DIMENSION AL{1CL) AM¢10L1,0041013,C0101)
COPPCN/BLCAT/BY (6 ) ,DX {61, 0KALGD, TGR 161, KBoHL (6) NASI6) NREE)
COMMONZORTV/DL1,101)
COMMON/YOES/YIL, 1000, Mai 1, 1311
6L 70 K=1,KB
DZA=OXALK] $ KM=K~1 § N=RRIK) $ NMI=N-]

0L 10 1=2,NM]
AL{I}=.5 § AM{} I=.5
10 CUE)=1 5% (VIR F9L D~V iR, I~1}}/L28
IFIRB EQ. 1) GO 1C 20
IF(K.EC.1) GC TC 33
IFIRK.EG.KBY GC 7L %0
MM=NA{KMI~1 % OMA=CXA(KMY}
ALCYL)=D2A/{CMASELAY & AM{I)=1.-A0L( 1}
Clid= 3o%Al{l iV iR L=V IKI AN} )/DFA0E % AM(LIBEY IR, 20~V (K, 1}}/02A
ia=1
GEC 10 50
C FOR SINGLE BLOCK
20 CONTINJE
Dits13=0. & D1 ,N}=0. & [A&=2
&G o 50
30 CORTINUE
C _TINST BLOCK
0€1;10=0. % f4a=2
GC ¥0 50
€ LAST BLUCK
%3 CCAYIANUE
Di{KB,N}=0. $ NM=AR{KM)-1 $ OPA=OXA(KM®]
ALUTI=DZAZIDNASE2A) $ AMCL)= B =ALEN)
CALI=3.2AL L TV iRB L)~V IKM, AR I /DMAo I . 2AMI L )2 { Y{KB,2)~YIKB, 10D/
20T A
P a1
3 CONTINUE
CALL TYOMEY ([A.AMI.AL AM.C 001
. D0 60 I=EAghRL
EC DEK,T)=DOLLY
TO CONT INSF
C FCQUATE DUKsNY TC DiKelel)
IF{K3.EQ-1) GQ ¥IC 75
KEM=KB-~1
DC 65 K=1,KBM

PAGE

1

R=hRTK)
65 D{KoN) =DK1 41D
15 CONTINUE

RETURA

END
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& SUBKOUTINE SHCCTHe*

ie CO00CO0B SUBROUTINE SMQOTE
—_— 2, __000CQ08  DIMENSION W(lOL}oRE101),8(5000,Yv{L0L b, XX(102)
? ES $00C008 COMMON/BLFG/XNG 1, 1010 YN{ 1, 2C 1)
. 4. 00£C008 CUMMON/BLOAT/BYIE) ,0X (61, XA 16}, IGRIG I KB ML (6] NASTO),NRI6D _ B
5e Q0CQ008 N=NR{L1) & MMi=N-1 8 wlij=~]
8. 0016138 L=.5oN e e e
D t0l6168 & TG 30
10, 00lel?g _ _ER=1.E-5
> (0D = BARRKRING o o e e e e i e e e e CANNGT BE EXECUTED ~ NO STATEMENT AUMBER
o 11. _ €016208 . PRINT 40,ER e e e e e
12. 0016258 40 FCRMAT(® R#uS SPOCTHING? IPEL2.4)
13.  coLezss 00 5 {=t.N _ N ~ R
14, DO01e27B AKx(Id=xnNl1,10
15. 0016308 5 YYUI)=Ymilsl}
16. 001¢338 PRINT 10,(Y¥(I) 0=0 .0}
.. 17. _D0le46B 10 FORMATUS YNPIOF1G.TY S
18, COLe448 CALL POLFITIA XKoYY ool o MORO,ER, By [ ERR, A
. 19, 001€468  PRINT 15,NORD,ERGIERRsL _ ) I
20, Q018558 15 FORMAT(* GRDER CUMP, RMS ERRFLG,MAY CRDER®[S, IPE12.4:215)
e Zl.  _@D1e€3%B _ BG_20 1=1,N
22, Q016578 YNl DD)=RELY
23 001€57B 20 CONTINWE e e N
24, 0316638 PRIMT 10,(R{I),0=1aN)
N 25, 0016738 3@ CONFINUE o N
28, Qo1e?38 RETURN $ END
> CAUTION o e o et 4 S S T e S 5 e 90 T s b 2 MMl WAS SET BUT MEVER USED
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APPENDIX E
DEPOSITION ON A SINUSQIDAL PROFILE

The behavior of the sinusoidal cathode as it undergoes deposition
is treated in this section. In this problem the solution side of the
anode is equipotential (i.e., there is no current dependence of over-
potential), but surface overpotential, described by Tafel kinetics, and
concentration overpotential, described by Eq. (4), are present at the
cathode. In addition, the anode is assumed to be inert so that it does
not dissolve upon passage of current,

The choices of the parameters are shown on the first page of output.
The Tafel slope is B = 0.1 V and io = (0,001 A/cng A main grid spacing
of 0.2 em and an auxiliary grid spacing of 0.1 cm are used. The anode
is set 10 V higher than the cathode potential, which is at 1 V. The
overrelaxation parameter of 1.85 is used for all computations. The
convergence criterion for potentials in the bulk is ERR = lOméa In
principle, the relative change in potential for each node on successive
iterations must be less than lgﬁés In practice, to save computation
time, only the nodes at the periphery are tested for convergence. Three
convergence criteria must be met simultaneously for convergence to occur:
the relative change in potentials in the bulk must be less than ERR,
the relative change in surface potentials (which result from a numerical
differentiation) must be less than 1000 ERR = 10539 and the average
relative change in current density must be less than 10 ERR = lOwSe

Five hundred iterations are specified as the maximum number of
iterations per time step. When this limit is exceeded, the computation

halts. Two time steps are specified; the computation halts after the
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second step. 1In order to suppress the potential map, a large number
of iterations (8000) is specified. The electrolyte conductivity is

1 cmgle For the formula weight, metal density, and valence, the

1 ohm
values for copper are used., With 100 percent faradaic efficiency,
l3,,‘7x],0wS cms of metal is deposited per coulomb of charge. Since a
higher current density is expected near the peak, the surface node of
the tenth row of the block is chosen as a pont where a high current
density occurs; this point is used for initial estimate and convergence
calculations. The pre-logarithmic factor in Eq. (6) is 133x10“2 V.
In this problem I have specified that the highest current density point
is at 50 percent of the limiting current density. Alternatively, omne
can specify a diffusion layer depth and other constants which determine
a limiting current. The number of coulombs/time step is specified as
750,

Under T = 0 in the output, the initial geometry and initial esti-
mates of the surface potential are printed out. The row number, the
X and Y coordinates, and the number of points in the auxiliary grid
in each row, as illustrated in the output below, are printed out. The
initial estimates of the current and potential, as calculated from the
tenth row (IC), are also listed. The derivatives are calculated
numerically from the cubic spline. For certain nodes adjacent to the
surface, the distances from the nodes to the surface and to surrounding
points are listed after the geometric map.

The convergence status status is printed (from line 780 in routine

CURDIS) each time the surface potential is re-evaluated. The headings

explain the numbers which appear immediately below. From the current
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balance one can see that the anodic and cathodic currents are within

0.02 percent of each other. The coulombs passed is also printed.

In the first time step, the time for deposition is printed out.

. The new coordinates just after deposition are printed along with the
coordinates which result from interpolating back to the original
choordinatese The current densities and the X and Y components of
the current density are shown., The last column (not labeled) is the
concentration overpotential in volts. The profile at each time step
is illustrated in Fig. 10.

The execution time for this problem is 0.6 s on a CDC 7600. A
total of approximately 150 nodes are used in the calculation and 360
iterations are required in the potential loop; 23 iterations in the
current and surface potential loops are requried. This amounts to an
average computation time of lOm5 s per node. The total job cost includ-

ing compilation and overhead is $51.45.



ot

ANCOE PCTENTIE
CYERRELAXATEC
CENVERCENCE ¢
¥AX FIELD 7€
PCTENTIAL WAP

ELECTRCLYTE CONDUCTIVITY

Yile1853,4.208C0SLT 1)

ZATICN PARAMETERS. B:  1.C0E-0

MAIN GRID AUX GRIO AUX
+ 200 100

aL = 11.00000 CATHODE POIENTI

K PARAMETER 1.85 _ _

RITER ICN= 1.C0E~ 06

RATICAS 500 MaX TIME STEPS

OLTFLT EVERY B00O ITERATICAS

1.0CE«QGEOHM-CMI~1

FCRMULA BT  63,50000 G/G-A DENSTITY 8.8
. _ _COGRDINATES OF wiIGH CD PUINTS K= _ 1 _i=_
CPCoRT/AF  1.336-02 NFCC(BOLK) 1.08E-C3 D
CCULOMBS/TIME STEP 7.5C000€402
SPECIFIED FRACTICN OF L{MITING CURRENT .5
— TiME= 0, _ . __SEC_ TIME SIEP=
BLCCK 1
gy= 2,20
ROw 4G %~CQCRD ¥y-CUORD  MEW X
PTS Y (CA4)  COORDINATE
1l 0. . 3,2000€430 8.
§1 1.CO0CE-6T  3.1902E+C0

11 3.¢C

5.0

8. C
9.CO000E-D1

P

L.

P

-
€3 1A A el M B

3
3
1
®
1
K
i
K
1

[

I
52

AVERAGE

.- . _ERROR
26 6.44EE~(5
45 8, 342E~-05

54 6.684E-05
T4 _6.516E-C5

1} 2.0000E-01

1€ 4,00000-01

00

TTPOTENTTAL

_3,1618E¢00
3.1176E¢00
3.06186¢00
3.,0000E+00
2,5382€000
2.8824F 200
2,8382E+00
2.8LS8ECO
2.8000E +00
XL
1.006-01

Toor-01

003E-01
jols]

000E-01

OJ0E-0}

COOE~01

Q00E0 QO0CE+ 00—

@ o3
C

1.78E~C2 3.33

L. ¥CLIS I10= _ 1.GCE~Q3  AJCHSG e
SCUBRES wiBTF (LK)
3 1.00C
AL= 1.000C0  ¥CLTS
2 -
9000 G/CC VALENCE  2.00000 FARADAIC EFF  1.00000 DEP FACTCR 3.70096E-05CC7C
o — e e e
IFFUSION LAYER  1.50E-C4 CM LT CURRENT 6.67E+00
acee )
o __ ... R e _
. NEW Y CERIY ___BCURDARY
COORDINATE "PCTENTIAL
1.8093£000 0,
1.94156-01 1. 805369 0C 0.
~3,093

_-5.9753E-01_ 0.
“6.262Z8:-C1 0.
-5.97536~01_ 0.

-128093€200 0.
1.8093E¢00 Q.
8o .. . 1.8093E200 Q.
0. 1.8093E¢00 J.
8. 1.8063€40C 0.

~5,0829E-01 0.
| =3.6930E-01 0.

-INDEE ok

~{MDEF ~1.9%15E~01
KNDEF JT * X ..

£~ C2

3.3T10E«00 0.

0. 1.8093E£+¢00 O,

Qs L1.BC9IEL0C 0.

3. 1.8092£900 0,
0o 1.8093E900 0o

1

L XL XU
Z 1.006-C1 3,826-C2 6,47
L XL x
3 1.0CE-0L 9:79E-C3 1,00

CLASTIST CURRENT WACNER

XR
E-02

xR
€-01 _

CURRENT DAMPING BOUNDARY

COGKCLICH

BOUNDARY

C0C1,10 BCUMNDARY AYERAGE

TTUUTRACTOR T ERROR FACTCR

MULY
FACTQOR

FALTCR ERROR

1.0C0E+00 3,012E-01 9.916E-01
1.0C0E400 8.182E~02 9,514E-CL

POTENT [AL
(RC,IC)

POTENTIAL
1213

CURRENT
ERROR

3.58TE-0l 2.569E-02
1.165E-01 1.51€6E-02

1.195€900
1.434E40C

%, T23E+00
%.639E000

1.,826E¢00
1.829E¢00

1. 355E+C0 1. 778E«0D
1.433E£¢00 1.T773E+00

%4.642E-03
2.247€-02

1.080E¢00 3 .604E~31 9.9

9,914E-01
1.0C0E+00 1.204E-0L 9.913E-01
1.006E+30

1.,721€20C
2.066E200

6.152E~01 1.32¢E-02
2:486E-01 4,242E-03

%, 626E+ 00
4,569E¢00

1.84%£¢00
1.845E20C

1.%447E+00 1.T46E+00
1.5C4%E¢00 1,742E¢00

3.550£~03
1.449E-32

83 3,829E-05
103 2, $4CE~-CS
137 1.778E~L7
163 1,341E~C7
174 2.3%36-(7
182 1.445E-07

%.028E-01 9.5136-01
1.CCCE+ 00 2.750E-00 9.912E-01
6.CCOE-C1

2.479E0GC
2.9T4E200

9. 89BE~O1 3.033E~03
8.112€-0L 2.V78E~-04%

%56 0E200
$.53T7E+00

1.851€+00
L.851E+00

1.509E900 1.734E¢00
1. 52€E90C 1.735E¢C0C

2.96TE~03
5.,273E-03

6.5386-01 9.912¢-
6.600€-01

B, 329E~01 6.883E~05

2. 1426400
1.028E400 %.S3LE~01 3,534E-05

4.339E000
4.53%E000

1.851E000
1.851E900

1.525E90C 1.735€40C
1.524E200 1.735E200

1.059E~03
7.286E-04

9.912E~01

T.331E-01 9.912E-01

7.2606-01 8.545E~01 9,912E-01
T SESE~-CL

G.B8T3E-01 9.9126-01

%.934E~01 3.035i~01 %.99BE-06
2. 842601 2.,222E-01 2.308E-06

%.539E+00
%.539E4+00

1.851E¢00
1.851E¢00

l.€24E¢CC {.735€¢0C
1.524E000 1.735E+00

3.407E-0%
2.58%E-05

_CATHODE CURRENT

TYCTCETR Coul

¥ 3.12291E20C CATH CLLL 1

1) 7 .50

000E+02

ANODE COUL 1 TS 7,501 24E+02

,,giggg@cﬁvoa AMODE CURREN
7 .55006E#02 101 ARGDE CLUL

T.501246E¢0G2

[4874



T AVG CURRERT

2.721026400

AYERAGE ERROR PER NCCE 2.401E-07 ITERAVIONS 183 UNCONVERGED POINTS [
TIERATECNS IN CURREART LCOP 12
183 2.401E-C7 B TESE-QL 9.564E-01 9,9126-C1 1.€376-0F 1.421E-0) 1.,49EE-06 4.539E200 1,.851E+00 1.524E000 1.735€¢00 7,455E-06 -
TIME= 2.402C0E+02 SEC  TIME SYTEP= 1 T
BLOCK 1
. By= 2,00 . e e e e e e e e
RO 4G %-COGRD v~ COURD BEW X MEW Y DERIVATIVE CURRENT X~COMPONENT Y-COMPONENT BOUNDARY
_ PTS fcmy . ICHM)  COORDINATE COURDINATE - (AscmMsaey o POTEMTIAL . o
1 13 0. 3.18658+00 3. 3.1865E400 0. 1.5241E+00 0. -1.5261E2C0 [.7353E¢00 .002
2 13 1.CO00E~-01 3.17606¢00 9,734%E~02 3.1765€0¢00 ~2.0746E-0) 1,5672E900 ~2.%339E-01 -1.5492E200 1.7381E400 .0CZ
3 13 2.0000E-0L 3.1456E000 1.5473E~01 3.1476E¢C0 -3,.95656-01 1.69776¢00 ~4.9112E-01 ~1.62836+400 1.7463FE¢00 .003
- %  }2_ 3.CLO0CE~Cl 3.0581E¢00 2.$226E-CL 3.1023E900 ~5.4534E-01 1,9219E900 ~7.4474E~0) ~1,7TI4E0C0  1.75S1E¢0C CC3 - _
5 127 %.0000€-01 '3.0383E¢00 3.8SE2E-L1 3,044BE¢00 ~5.43106-01 2,2314E4¢00 ~“1.0743E6¢00 ~1.9934E400 1.7746E¢00 .004
& 11 5.(COCE-O0L 2.97LVE¢J0 4%o.8751E-01 2.9B01E+00 -6.7621E-0) 2.6413E¢00 ~1,2513E000 ~2,3331E0CC 1.7923E40¢ .00& B
4 11 6.0000E-31 2.9C5326¢00 S5.859SE-C1 2.9144€000 -6.%4&3E~ cz‘“‘i‘ii”é'@?émo T1.6661E+400 ~2.7561E+00 1.B0S8E00C .003
.8 10 T,C000C-Ql 2.8450E+00 6.8516F~01 2,8%32E200 ~5.4615E-01 3,6838E000 - 1.5247E000 -3,3574E¢C0 1. 8278E¢00  L007
9 § B.COOOE-01 2.758CEe00 T.E7C56-01 2.B031Ee¢00 -3.83729E-01 %.2043E000 -1.%4050E+00 ~3.9626E+C0 1.E422E4CC LOCS
10 S  9,0000E-01 2.7686L+00 8.9231E~0L 2.7702E¢00 ~1,.S6B%E-C01 4a.$zuaze»oo~ ~9.5578E-0L -%.%384E400 1.8508£+00 .009
i1 S 1.(C00E«00 2.75B6E+00  1.00C0E+06 2.7588F+06 O "8.6324E500 0. “h,E32%E+CC 1.8531F«CC .009
LIM CYR  9.26482E¢0C CONC OVERPOTENTIAL _ 8.75193E-03 e _ N
k1S 4§ L AL XU RR
L3 12 1 1.0O0E-Cl  &.56E-C2 S.566E-02
K §{s 38 [ RL XU R
i 5 11 2 1.COE-0L 3.83E-02 5,806~02 . R B B
K s Js L XL E] iR
i 719 3 1.006-0} 5.18E-03 8.C86-03 = . ... . - - - - - - ——
K s 3§ [ XL XU xR
. 8§ 9 4 1,C0E~0) 4.5CE-~C2 $,%86~02 o
ETER  AYERAGE  CONSIST  CURRENT — WAGAER  CURRENT ~ DAMPING BCUMDARY CDEKC,IC) BOUNDARY _CO{1,1) OOUNDARY  AVERAGE
PCYENTE AL FACTOR ERRGR FACTOR MULT FACTOR ERROR POTENT 1AL PCTENTIAL  CURRENT
ERROR L FACYCE IKCLIC) (igld ERACR .
68 8,0726-C5 1.0COE+00 %.855E-01 S.S1SE-01 L. T89E¢0C 5.725E-01 2.0216~03 4.724E¢00 L.B853E400 1,433E€+0C 1.732€400 Z.121E-02
.78 9,124E~06 1,000E000 4,386E-01 9.915E-01 1.427E¢0C 6,207E~0L 7. 307E~0% 4. F21E+00 1.854E¢00 1.%%8E+00 1,731Ee00 2.561E-03
112 3,6172E~C7 3.CCOE* 00 6.56SE-08 9.9146-CL 1.713E¢00 9.016E-01 2.34CE-0% 4.T16E000 1.855€¢00 1,446E40C 1.720£000 1.C45E-02
141 4,100E-CT 1.0C0E¢ID T.490E~01 9,914%E-0} 1.233E+0C 9. 159E-0L 3.745E~05 %, T14E+00 1.855E+00 1.%%49E¢00 2,7306400 6.706E-0%
158 8.556E~LE 6.CCO0E~0L 8.0CTE-O1 9.914E-01 2.960E-01 1.401E~01 2.663E-05 4,714E200 1.855E¢0C 1.449E+0C 1, 73CE+0C %,981E-0%
165 1.€20E~C7 6,6C0E~01 9.571E-01 9.514E-Cl 1,TCSE~01 1.069E-0L L.815E~09 %.T14E¢DQ 1.B95E+00 1.448E+0C 1.73CECOC 8.984E-05
171 8.990E~C8 7.260E~0) 9.796E6-01 9.914E~01 9.8206~02 6.934E~02 1.384E~05 &.T14E¢00 1,855E¢00 1.448E000 1.7306400 4.180
175 5,248E-08 yasape_—_q_xh 9 BSLE-O01 9.514E-0L 5.657E-02 4,4%0E-02 1.165E6-05 4.714E+00 1.B556¢00 1,%486¢0C 1.73CEe00 Z,2246-C5
176 2,511E~C7 B TESE~CL §.945E-01 9.914E~CL 3,258E-02 2,832E-02 1.066E-05 &-.714E000 1.8556+00 1.%4%8E¢00 1.730E400 1.120E~05

CATFODE CURRENT
TCTCATH COUL

3, L657TE 000
1.50000E€+03

G CURRENT

- 74152800

AYIRAGE ERROR PER NGLE 1.012E-07
TIERATICNS Ih CURRENT LOGP i1

ARODE EGRRENT
0T AHODE COUL

{TERATICNS

¥ T7.50000E€¢02

"ANCDE Colr 1 TS

7.4788GE+02

T3.1€081E¢0C  CaTH CCUL T
_L.4S8CCEe 03 ——— o
177 UNCLNVERGED POINTS g

177 1.0126~C7 9.6£36-01 9.958E-01 9.914E-01 1.E77E-02 [.801E-02 9.84CE~06 4.714E¢00 1.855E6+00 1,%48E¢0C 1.73CE0C 8.588F-06

4.768106902 SEC

TINg=

BLOCK 1

TIME STEP=

2.

€07



BY= 2.00

ROW  AG ¥~CGCRD ¥ -CUGRD IN T MEw ¥ DERIVATIYE CURRENT X-COMPONEMT Y-COMPONENT BLUNDARY |
PIS icH) 1CM1  CCORDINATE COURDIKATE - (A/7CHSEY POTENT 1AL

13 0. ... 3. 173BE200 Q. 3.1738E000 O, L-4%77€+00 _0 ~ 1450266 CC  J, T2S9E400  .002

13 1.00006~01 3.1626E30 GoT3456-02 3.1632E400 ~2.21236-01  1.4926E000 ~2,4559E-01 ~1.4734£400 1.7329€¢00 ,C02

13 2,00008~01 3.13026¢00 1,9477E~0L1 3,1324E900 ~4.22816-01 1.62%86200 -4, 9533E-01 -1.5513E209 1.741TE200  .302

BB iad & W W R
-
N

P

12 3.C00CE~Cl 3.C794E60G 2.92226-C1 3.0839E400 ~5.8439E-01 1.8546F000 —1.60736-01 ~1.6976E0C0 1.75536400 .GC3

4,C000E~01 3.0151F¢00 3.89686-01 3,02226400 -6,S1106-01 2,17796+00 -1.0417E¢00 ~1,9194£+00 1.77L9E+Q0  .003 _ B
11 5.C00CE-01 2.9436E¢00 4.8720E-01 2.9528E000 -7.3011E~0L 2.6085E64¢00 ~1.3143E¢00 ~2,26C2E+(0 1.79CBE¢00 .00%

_10_ 6,C000E-0L 2,8716E+00 5.85CEE-01 2 3.1454E400 -1.52456¢00 ~2,7555€9C0 1.81G5E¢0C 005

16 7.CCCOE-01 2.8{69E+00 6&.8432E-C1 3.736%E000 ~1,6618E000 ~3.34S8E000 1.826CE+00 .0C6

9 8,J000E-31 2.7568E+400 7.863CE-01 2.7626E¢00 5.3314E000 ~1.4898E000 ~4.0678E000 1.8451E200 .008

10 S 9.C000E-01 2.7264E600 B.92036-01 2.7281€000 -2 .0011E-01 4,7144E4CC ~1.0066E000 —6.5CE 76400 1,8566E000 009

il 9 1.0000E 00 2,7166E+00 1.0000E¢02 2,7166E0C0 0. 4, 82376400 0, 1.8571€400 ,0C9

LIk CUs 9.66767E¢00 CCAC CVERPCTENTEAL B.T1945E~02

Y IV LT ITP VAT 0002707377700 07000,. 700007707 40¢03087090. 720079900774, 7?777?77? JTPT0R T VTTRTT TR VI TR TEURT TV TIVIVTV797T8 797

TITIT T 0o VITTTT90 VA0 IR 2T F 0 VTTTUC VT T TTTTTT TR TAT o T TCVTT T T o TTTF T I T T FIFTTTTT 3 TT77070730 1730907770 779077 780 FITTT7800.77

TR TTITTL NIRRT TN TNT NN TNV VTR NV PV PO TV OVT TV D VRTT VT VTPV PT VT VPRV VT OTTTIRTVTB000900. 202007003 92909790, 97

707



205

APPENDIX F
CALCULATION OF NODE POTENTIALS
In order to calculate the potential at node zero in Fig. a, the
distances between the node zero and the surrounding four numbered nodes
is determined (see subroutine GFAC). The distance between node 0 and

node 1 is denoted as h,, between node 0 and node 2 as hz, etc. The

19

potential P(X,Y) in the electrolyte can be approximated by a polynomial.

2
X + a

P(X,Y) = PO + a 3

1 ¥ + a,y + a 4 + 35xy‘

where the coefficients a, are to be determined. Node 0 is considered

to represent the origin of the cartesian system

2 2

%\ L a’r\ _
5 233 5 234
% oy
x=y=0 x=y=0
P, - P = -ah, + ah’
17 %0 T TN T A
2

Solving for aq and rearraanging

hl 2 h3
a, - Py (14 Eg) /by |1+ ﬁ;
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Node arrangement for potential calculations.
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Analogously,
a4 =
Since
e
sz
then
h
I vy
h% (1 +
PO‘%‘
1+

e
7 =0 = a3+a,
3
h
2
= P P, + — P
3 3 2 hé 4
-
hl 2 hz
h1 hz
B L+ g
3 4

+ P

(Pl + ?2 3

+ Pé)/é
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APPENDIX G
NUMERICAL DIFFERENTIATION PROCEDURE

In order to calculate the normal current density at node 0 on the
electrode surface (Fig. a), the components of the field in the X and
Y directions must first be calculated. The components can then be pro-
jected onto the line normal to the electrode surface as indicated in
Eq. (9). An expression for the Y-component of the field can be derived
by expanding the potentials P at node 1 and node 2 in a Taylor series
about the potential at node 0. One then solves for Py which is equal

to the negtative of the y-component of the electric field.

2
(ah)
P, = P, - ohP +
1 0 2 vy
2,2
=p - (L +a)h”
PZ = PO (1 + o) h?_ + 5 Pyy

where

h is the standard node spacing

oh is the distance between nodes 0 and 1

AP

P ==
Yy 9Y o

5%p

P = ““E
vy dy 0

Eliminating P
¥y

2.2
_ B (1 + a)"h 2 _
P3 PO (1 + oc)h?y + 3 <a2h2> <Pl PO + ochPy)
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ELECTRODE

XBL 808-5742

Fig. a. Node arrangements for numerical differentiation.
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Solving for Py and rearranging gives the desired equation

N N Tl L W

v h 1 +0 o

(B, = Py)

For 0 equal to one, i.e., equal node spacing

Analogously, in the X-direction

~1|.B - _ (1+B) -
P ®h [us (B5 - Py) 5 (P Po)}

where Bh is the distance from node 10 to node 0. The method of deter-
mining the potentials at nodes 5 and 10 is described in Appendix C.

When the angle © is large, variations in the potential in the
X=direction cause inaccuracies in the Y-direction interpolation. There-
fore, for tanmle greater than 0.7(0 = 350)9 the X-component of the field
is calculated by a different method. In this case two numerical differen~—
tiations are performed and the results linearly interpolated. First,
the potential at nodes 9, 4, and 14 are differentiated then the same
can be done for potentials 1, 11, and 6. A linear interpolation in

the Y-direction gives the result.



The potentials at points not on the grid can be approximated by
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APPENDIX H

LAGRANGIAN INTERPOLATION

a gquadratic Lagrangian interpolation formula.

10 (see appendix B, Fig. a) is given by

P

where

h 1is
u

d is

= P s ——
10 12 hd(hd+hu) 11 huh

d(d-h ) (d=h ) (h +d)
u P u d

The potential at node

d

the distance between nodes 11 and 12
the distance between nodes 9 and 11
the distance between nodes 10 and 11

obtained in an analogous manner.

P9h(h+h)
u ' d u
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APPENDIX I
OVERPOTENTIAL CALCULATIONS IN THE BUTLER-VOLMER EQUATION
The implicit solution of the Butler-Volmer equation for the over-

potential is most easily performed by using Newton's method.

. . B =B
i= 10(3 all . 7Pl

where
OéaF
By = RT
o F
C
B = %7

the function G is defined such that G is zero when the overpotential

at the v th iteration is the solution for a specified current density

(x) (x)
G(f) = io(eBan - echn ) - i
(r) B.n(r) B.n(r)
%9; =i (B e T aped
n o a ¢

An initial guess must be made for the overpotential. An improved esti=~

mate of the overpotential is

(r)
n(r+1) - n(r) _ G(r)/ dc

dn
This improved estimate is then substituted into the defining equation,
and the iteration continued until G is less than a specified convergence

criterion.
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APPENDIX J
INITIAL ESTIMATE FOR SURFACE POTENTIAL
The initial estimaée for the surface potential can be calculated
by solving the corresponding one-~dimensional problem. Tafel kinetics
is assumed to apply, and the éoncentration overpotentiél can be

obtained from Eq. (4). In addition, only the cathode is polarized.

N =B nl|i /i + %% Ia(1 - /i) (1)
[i] = | =k(v, = ¢4)| /¥ (2)
cbO%Vcan (3)

Substituting Egs. (1) and (2) into (3) yields

is the anode potential
V., is the cathode potential
B is the Tafel slope (RT/GCF)

Y is the anode-cathode separation
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1 define the function F such that the magnitude of F is less than

is the solution at the r th

a specified convergence criterion and

iteration

F(‘r) -V
C

RT
aF (r) ) B ) - m.l
do (r)
0 VA @O Yi v o ()
K A 0
A better estimate of ¢0 is
(r+1) _ 4 () _ (¥) (r)
¢0 = ®O F /(dF/d@O)
(x)

This estimate is then substituted into the expression for F and itera=-
tion continued. An intital guess of ¢O near the anode potential is

required for computational stability.
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APPENDIX K
NODE ARRANGEMENTS FOR POTENTIAL CALCULATIONS
The method described in Appendix A is used to calculate the poten~—
tial at each node. The node arrangement for each type of calculation
is illustrated in the following figures. The potential at the node
indicated by an x is the one to be calculated. In the figures the I-1
position is at the left, the J+1 above, the I+l to the right,and the

J=1 below. The open circles represent interpolated values.



BOUNDARY
@ b4 @
@
(a)
BLOCK K-1 | BLOCK K
$
!
|
@ X @
|
|
|
¢
!
(c)
BLOCK K-1 } BLOCK K
|
@ ]
|
O % @
}
@ 4
1
|
;
(e)

216

|
| BLOCK K
-
O X @
|
® 7
|
{b)
@
(d)
BLOCK K-1 i BLOCK K
|
@ @
|
O X @
o
|
&
|
(f)

XBL808B-5744

Node arrangements for potential calculations.
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Node arrangements for potential calculations (cont).
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APPENDIX L
NODE ARRANGEMENT FOR POTENTIAL CALCULATION NEAR SURFACE
The nodes adjacent to the boundary, where special treatment is
required, are illustrated below. The node where the potential is to

be calculated is indicated by an x.
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INSULATOR||

INSULATOR

(c) (d)

l
!
f

BLOCK K-{ ; BLOCK K BLOCK K | BLOCK K+1

o 5
|

(e) (f)
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|
¢
’
¢
!

XBL B08-5746

INSULATOR BLOCK K BLOCK K+1

(h)

Node arrangements for calculation of potential near the

electrode surface.
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APPENDIX M
NODE ARRANGMENTS FOR CURRENT CALCULATIONS
The nodes used in the three point numerical differentiation formula

(see Appendices B and C) are illustrated below,
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INSULATOR ¢

BLOCK | BLOCK
K- 1 K
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Node arrangements for current density calculations,
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